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Abstract

This online appendix is comprised of four sections. Section 1 contains proofs for the key

lemmas used to show the main theorems of the paper “Jackknife Estimation of a Cluster-Sample

IV Regression with Many Weak Instruments." More specifically, in section 1, we provide proofs

for Lemmas S2-1 to S2-18 which are stated without proof in the Supplemental Appendix of the

aforementioned paper. In section 2, we provide a proof of Lemma 1 of the main paper. Section 3

of this online appendix provides proofs of some additional lemmas which give further supporting

arguments for the proofs presented in section 1. Finally, section 4 gives some additional Monte

Carlo results which complement those reported in the main paper.

Section 1: Proof of Lemmas S2-1 to S2-18

In this section of the online appendix, we provide proof of Lemmas S2-1 to S2-18, which have been

stated without proof in the Appendix S2 of the Supplemental Appendix to our paper.

Lemma S2-1: Let  = ⊥ − () (). Then, under Assumptions 2-6, the following

statements hold as 2, →∞.

(a)
X

()()=1
()6=()

2()() =  (2) .
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Proof of Lemma S2-1:

To show part (a), note first that, by Lemma OA-1 given in section 3 of this online appendix,

we have


n
2
o
= 

Ã
2
2



!


where  = 
³b1  b

´
. Now, by straightforward calculations and by making use of the

inequality ¯̄̄̄X

=1


¯̄̄̄
≤ −1X

=1
||  (1)

2



we get

X
()()=1
()6=()

2()() =

X
()()=1
()6=()

³
⊥()() − 0()

() ()()

´2

≤ 2

X
()()=1
()6=()

³
⊥()()

´2
+ 2

X
()()=1
()6=()

³
0()

() ()()

´2

≤ 2

⎡⎣2 +

X
()=1

0()
() () ()()

⎤⎦
≤ 2

h
2 + 

n
 ()2 ()

oi
= 2

h
2 + 

n
 ()

oi
≤ 2

h
2 + 

n
2
oi
=  (2) +

Ã
2
2



!
=  (2) .

Next, to show part (b), note that, by applying the inequality in expression (1) as well as the
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To show part (c), note that
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To show part (e), we apply the inequality (1), Assumption 6, and parts (a) and (b) of Lemma
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OA-1 to obtain
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Turning our attention to part (f), note that, by applying the inequality (1) and making use of
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Assumption 6(ii), we have
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X
=1

X
11=1
1 6=1

X
22=1
2 6=2

2(1)(1)
2
(2)(2)

=

X
=1

X
11=1
1 6=1

X
22=1
2 6=2

½³
⊥(1)(1) − 0(1)

() ()(1)

´2

×
³
⊥(2)(2) − 0(2)

() ()(2)

´2¾
≤ 4

X
=1

X
11=1
1 6=1

∙³
⊥(1)(1)

´2
+
³
0(1)

() ()(1)

´2¸

×
X

22=1
2 6=2

∙³
⊥(2)(2)

´2
+
³
0(2)

() ()(2)

´2¸
(using inequality (1))

≤ 4

X
=1

X
1=1

"³
⊥(1)(1)

´ X
1=1

³
⊥(1)(1)

´
+
³
0(1)

()2 ()(1)

´ X
1=1

³
0(1)

()(1)

´#

×
X

22=1
2 6=2

h³
⊥(2)(2)

´³
⊥(1)(1)

´
+
³
0(1)

()2 ()(1)

´³
0(1)

()(1)

´i

≤ 4
3

"µ
max

1≤()≤

⊥()()

¶2
+

µ
max

1≤()≤

¯̄̄b() ¯̄̄2¶
#

×
⎡⎣µ max

1≤()≤

⊥()()

¶ X
(1)=1

⊥(1)(1) +
µ

max
1≤()≤

¯̄̄b() ¯̄̄2¶ X
(1)=1

0(1)
()(1)

⎤⎦
≤ 4

3

"µ
max

1≤()≤

⊥()()

¶2
+

µ
max

1≤()≤

¯̄̄b() ¯̄̄2¶
#

×
∙µ

max
1≤()≤

⊥()()

¶
2 +

µ
max

1≤()≤

¯̄̄b() ¯̄̄2¶ ( − − )

¸
=

"


Ã
2
2

2

!
+

Ã
2
2

2

!#"


Ã
2
2



!
+

Ã
2
2



!#
(using Lemma OA-1(b))

= 

Ã
4
2

3

!
. ¤
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Proof of Lemma S2-2:

To show part (a), note first that −1  0 (1)−1
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To show part (b), note that, by applying parts (a)-(c) of Lemma OA-12, we obtain
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eΩ() =

⎛⎝ 
h
2
()
|F



i

h
()

0
()|F



i

h
 ()()|F



i

h
 ()

0
()|F



i ⎞⎠
=

µ
1 0

− 

¶⎛⎝ 
h
2
()
|F



i

h
()

0
()
|F



i

£
()()|F



¤

h
()

0
()
|F



i ⎞⎠µ 1 −0
0 

¶

= Ω()
0
, where  =

µ
1 0

− 

¶
.

Note that  is nonsingular, so that 
0
 is positive definite. Hence, by Assumption 2 part (ii)

and by the fact that 
0
 is a fixed, finite-dimensional positive definite matrix, there exists some

constant 1  1 such that

min
1≤()≤

min

³eΩ()´ ≥ min
1≤()≤

min
¡
Ω()

¢
min

¡


0


¢ ≥ 11  0  (3)

Next, let


(+1)×2

=

µ
1 0

0 

¶
, () =

µ
() 0

0 e()
¶
, and () =

µ
1 ()

() 1

¶
and note that

0

eΩ() =

µ
1 0

0 0

¶⎛⎝ 
h
2
()
|F



i

h
()

0
()|F



i

h
 ()()|F



i

h
 ()

0
()|F



i ⎞⎠µ 1 0

0 

¶

=

µ
() 0

0 e()
¶µ

1 ()
() 1

¶µ
() 0

0 e()
¶
= ()()(),
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Now, as can be seen from expression (3) above, an implication of Assumption 2(ii) is that

min
1≤()≤

2() = 01+1eΩ()1+1 ≥ 11  0  (4)

min
1≤()≤

e2() = 0eΩ() ≥ 11  0  (5)

where 1+1
(+1)×1

=
¡
1 00

¢0
and 

(+1)×1
=
¡
0 0

¢0
, from which we deduce that () is in-

vertible almost surely for each ( ) ∈ {1 } and for all  sufficiently large. The invertibility
of () then allows us to write () = −1

()
0

eΩ()

−1
()

. On the other hand,

Assumption 2(i) implies that there exists some constant 2  1 such that

min
1≤()≤

min

³
−1
()

´
=

1

max1≤()≤
max

¡
()

¢ ≥ 1

2
 0  (6)

It follows from the fact that min (
0
) = min (2) = 1 and from making use of Assumptions 2(i)

and (ii) and the lower bounds given in (3) and (6) that

min
1≤()≤

min
¡
()

¢ ≥ min
1≤()≤

min

³eΩ()´min ¡0


¢
min

³
−2
()

´
≥

min1≤()≤
min

³eΩ()´
max1≤()≤

¡
max

¡
()

¢¢2 ≥ 1

3
 0 

where  = max {1 2}. Moreover, by solving the characteristic equation of(), we see that the

smallest eigenvalue of() is given by min
¡
()

¢
= 1−

¯̄̄
()

¯̄̄
, so thatmin1≤()≤

min
¡
()

¢
=

1−max1≤()≤

¯̄̄
()

¯̄̄
≥ 13  0 , from which we further deduce thatmax1≤()≤

¯̄̄
()

¯̄̄
≤

1 − ¡13¢  1  Applying this upper bound along with the lower bounds given by (4) and

(5) as well as the fact that min

³
∆
()()

´
= 1−

¯̄̄
()

¯̄̄ ¯̄̄
()

¯̄̄
, as derived earlier, we have



∙³
()() + ()()

´2
|F



¸
= 0()()∆


()()()()

≥
h
1−

¯̄̄
()

¯̄̄ ¯̄̄
()

¯̄̄i h
2()e2() + 2()e2()i

≥
µ
2

3
− 1

6

¶ ∙
1

2
+
1

2

¸
≥ 2

5
 0 

Summing over 1 ≤ ( )  ( ) ≤ , we obtain

−1
2

X

()=2

X()−1
()=1

2
()()



∙³
()() + ()()

´2
|F



¸
≥ ¡

25
¢
−1
2

X

()=2

X()−1
()=1

2
()()

=
¡
15

¢
−1
2

X

()=1

X

()=1
2
()()

, where the

last equality follows from the symmetry of  and by the fact that ()() = 0 for ( ) = 1 .
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Furthermore, by straightforward calculation, we obtain

1

2

X
()=1

X
()=1

2()() =
1

2

X
()=1

X
()=1

h
0()

⊥() − 0()
() ()()

i2
= 1 +

1

2

X
()=1

0()
() () ()() ≥ 1

Putting everything together, we have

−1
2

X

()=2

X()−1
()=1

2
()()



∙³
()() + ()()

´2
|F



¸
≥¡

15
¢
−1
2

X

()=1

X

()=1
2
()()

≥ 15 ≥   0, by choosing  such that 0   ≤
15. Since the above argument holds for any  ∈ R such that kk = 1, it further follows that

 
¡
 0

p
2|F



¢ ≥   0 , as required.

To show part (c), note first that, given Assumption 2(i), there exists a positive constant  such

that

max
1≤()≤

max

³

h
 ()

0
()|F



i´
≤ max

1≤()≤


n

h
 ()

0
()|F



io
≤ max

1≤()≤

n

h°°()°°22 |F



i
+ 2

h¯̄̄
 0()()

¯̄̄
|F



i
+ 0

h
2()|F



io
≤ max

1≤()≤

(

h°°()°°22 |F



i
+ 2 kk2

r

h
2
()

|F


ir

h°°()°°22 |F



i
+ kk22

h
2()|F



io
≤ 2

½µ
max

1≤()≤


h°°()°°22 |F



i¶
+ kk22

µ
max

1≤()≤


h
2()|F



i¶¾
≤  ∞  (7)

where the third inequality above follows from applying the CS inequality while the fourth inequality

stems in part from applying the inequality | | ≤ (12)2 + (12) 2. Now, for any  ∈ R such

that kk2 = 1; we obtain by applying the triangle and CS inequalities, expression (7), as well as
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part (a) of Lemma S2-1 and Assumptions 2(i) and 8

0 
³
 0

p
2|F



´


≤ 1

2

X
()()=1
()6=()

2()()

³

h
2()|F



i
0

h
 ()

0
()|F



i


+

r
0

h
 ()

0
()|F



i


r

h
2
()
|F



ir
0

h
 ()

0
()|F



i


r

h
2
()

|F


i!

≤ 1

2

X
()()=1
()6=()

2()()

n

h
2()|F



i
max

³

h
 ()

0
()|F



i´

+

r
max

³

h
 ()

0
()|F



i´r

h
2
()
|F



ir
max

³

h
 ()

0
()|F



i´r

h
2
()

|F


i)
=  (1) .

From this, we deduce that max
£
 

¡
 0

p
2|F



¢¤
= maxkk=1 0 

¡
 0

p
2|F



¢


≤   Moreover, by applying the law of iterated expectations and part (i) of Theorem

16.1 of Billingsley (1995) that there exists a constant   0 such that 0 
¡
 0

p
2

¢
 =



n

h
(0 0)2 2|F



io
≤ , for all  ∈ R such that kk = 1, from which we further deduce

the unconditional version of this inequality, i.e., max
¡
 

£
 0

p
2

¤¢
= maxkk=1 0 

¡
 0

p
2

¢
 ≤  ∞, where  =  − 0 and  () = () − ().

Furthermore, since  =  − 0, we see that, by setting  = 0 in the argument given above, we
can also show that there exists a constant  such that max

¡
 

£
 0

p
2|F



¤¢ ≤   ∞
 and max

¡
 

£
 0

p
2

¤¢ ≤  ∞ for all  sufficiently large.

Finally, to show part (d), note first that, by straightforward calculations, we get Σ =  
¡Y|F



¢
=

 
¡
Υ0 02

(1)
√
|F



¢
+  

¡
−1  0|F



¢
= Σ1 + Σ2. It follows by part (a) of this

lemma that there exists a positive constant  such that min (Σ) ≥ min
£
 

¡
Υ0 02

(1)
√
|F



¢¤
+

min
£
 

¡
−1  0|F



¢¤ ≥ min
£
 

¡
Υ0 02

(1)
√
|F



¢¤
≥   0 , so that Σ is positive definite . Moreover, again by part (a) of this lemma,

for any  ∈ R such that kk = 1,

0Σ−1  ≤ 1

min
©
 

¡
Υ0 02 (1)

√
|F



¢
+  

¡
−1  0|F



¢ª
≤ 1

min
£
 

¡
Υ0 02 (1)

√
|F



¢¤ ≤ 1


≤  ∞ 

where  can be taken to be any finite, positive constant such that  ≥ 1. ¤

Lemma S2-4: Under Assumptions 1-6,−1  0 = Υ0 02
(1)

√
+−1  0 = 

¡
max

©
1
p
2

¡
min

¢ª
Proof of Lemma S2-4:
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To proceed, since

 = ⊥ − () ()

=  () −  (1) − () ()

=  (1) −
h
 () + () ()

i
,

we can write

−1  0

= −1

µ
√

Θ0 01 +

√

Υ0 02 + Ξ

00 +  0
¶³

 (1) −
h
 () + () ()

i´


=
Υ0 02√


+−1  0 (8)

Moreover, by straightfoward calculations, it can be easily shown that

Υ0 02√


=
Υ0 02

(1)√


− Υ
0 02

()√


− Υ
0 02

() ()√


=
Υ0 02

(1)√


=  (1) (9)

Now, let  ∈ R such that kk2 = 1, and, by straightforward calculations, we obtain


³£
0−1  0

¤2 |F


´
= 2

0−1 

µ
 00

2
|F



¶
−1 

= 2
0−1  

³
 0

p
2|F



´
−1 

≤ max

h
 

³
 0

p
2|F



´i 2

(min )
2

≤ 
2

(min )
2


for some positive constant  ∞. Hence, for all  sufficiently large



Ã¡
min

¢2
2

£
0−1  0

¤2!
= 

(¡
min

¢2
2


³£
0−1  0

¤2 |F


´)
≤ .

It follows from Markov’s inequality, for any   0, we can set  =

q
 so that for all  sufficiently
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large

Pr

Ã¯̄̄̄
¯ minp

2

0−1  0

¯̄̄̄
¯ ≥ 

!
= Pr

⎛⎝¯̄̄̄¯ minp
2

0−1  0

¯̄̄̄
¯
2

≥ 2

⎞⎠
≤ 1

2


Ã¡
min

¢2
2

£
0−1  0

¤2!

≤ 


= 

which shows that

0−1  0 = 

Ãp
2

(min )

!


Since the above result holds for all  ∈ R such that kk2 = 1, we further deduce that

−1  0 = 

Ãp
2

(min )

!
 (10)

Expressions (8)-(10) together imply that

−1  0
min

=
Υ0 02√


+−1  0

=
Υ0 02

(1)√


+−1  0

= 

Ã
max

(
1

p
2

(min )

)!
. ¤

Lemma S2-5: Under Assumptions 1-6, −1  0 (1) = 

¡
min

¢
.

Proof of Lemma S2-5:

To proceed, let  ∈ R such that kk2 = 1 and let  = −1  and () =  0
()

−1 . Now,

write

0−1  0 (1)

= 0−1

µ
√

Θ0 01 +

√

Υ0 02 + Ξ

00 +  0
¶
 (1)

=
0Υ0 02

(1)√


+ 0
(1).

By straightforward calculations and by applying Assumptions 1, 2(i), 3, 4, 5(i), and 5(iii) as well

as the CS and Markov’s inequalities, we can show that 0Υ0 02
(1)

√
 =  (1). From the CS

inequality, we also obtain 
£¯̄
0

(1)
¯̄
|F



¤
≤
q

£
0 (1)|F



¤q

£
0 (1)|F



¤
. Next, note that, by applying Assumptions 2(i) and
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6(ii), we have 
£
0 (1)|F



¤ ≤ 
£
0|F



¤ ≤ 
³
max1≤()≤


h
2
()
|F



i´
=  ().

Similarly, by applying Assumptions 2(i), 3(ii), and 6(ii); we obtain 
£
0

(1)|F


¤
= 

£
0−1  0 (1)−1 |F



¤ ≤ 
³
max1≤()≤


h°°()°°22 |F



i´ h

¡
min

¢2i
= 

³

¡
min

¢−2´
. It follows from these results that 

£¯̄
0

(1)
¯̄
|F



¤
= 

³

¡
min

¢−1´
.

Hence, by the law of iterated expectations and Theorem 16.1 of Billingsley (1995), there exists a

constant  ∞ such that for all  sufficiently large 
£¡¡

min

¢

¢ ¯̄
0

(1)
¯̄¤

= 

¡¡¡
min

¢

¢

£¯̄
0

(1)
¯̄
|F



¤¢ ≤ . By applying Markov’s inequality, we further obtain

0−1  0 (1) = 

³

¡
min

¢−1´
 (11)

Putting everything together, we have

0−1  0 (1) =
0Υ0 02

(1)√


+ 0−1  0 (1)

=  (1) +

µ


(min )

¶
= 

µ


(min )

¶
Since the above argument holds for all  ∈ R such that kk2 = 1, we further deduce that

−1  0 (1) = 

³

¡
min

¢−1´
. ¤

Lemma S2-6: If Assumptions 2 and 8 are satisfied; then, for 1 ≤  ≤ 8 and for all , there exists
a positive constant  such that max1≤()≤


h°°° ()°°°

2
|F



i
≤   ∞ , where  () =

() − ().

Proof of Lemma S2-6: Note that, for 1 ≤  ≤ 8 and for any ( ) ∈ {1 }, there exists a
positive constant  such that


h°°° ()°°°

2
|F



i
= 

h³°°() − ()
°°
2

´
|F



i
≤ 2−1

½³

h°°()°°82 |F



i´8
+ kk2

³

h¯̄
()

¯̄8 |F


i´8¾
≤  ∞ ,

where the first inequality follows by applying the triangle inequality, Loève’s  inequality, and Lia-

punov’s inequality in sequence and where the second inequality follows from applying Assumption

2(i) and from the fact that  ∈ S, some compact subset of R as stated in Assumption 8. Since

the upper bound above holds for all ( ) ∈ {1 }, for all  ∈ S, and for all , it further
follows that max1≤()≤


h°°° ()°°°

2
|F



i
≤  ∞ , as required. ¤

Lemma S2-7: Under Assumptions 1-6, the following results hold: (a) b = 

³£
min

¤2

´
; (b)b = 

³£
min

¤2

´
.
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Proof of Lemma S2-7: To proceed, first define

 =

µ
min 0

0 

¶
and  =

µ
1 0

0 

¶
,

and note that

−1 =

µ
1 0

−0 

¶
Now, for any  ∈ R+1 such that kk2 = 1 and for  =

£
 

¤
, we can write 0 0

 =

00

³

−1
 0−1 

0
−1 

−1


´
. Moreover, by direct multiplication,


−1
 0−1 

0
−1 

−1
 =

Ã
( −0)

0 ( −0) 
¡
min

¢2
( −0)

0−1 
¡
min

¢
−1  0 ( −0) 

¡
min

¢
−1  0−1

!
,

Now, by straightforward but tedious calculations and by applying Assumptions 1, 2(i), 3(ii)-(iii),

4, 5, and 6(i), as well as Lemmas S2-3(c) and S2-1(a); we can show that, under the rate condition√
2

¡
min

¢2 → 0,


−1
 0−1 

0
−1 

−1
 =

µ
0 0

0 Υ0 02
(1)2Υ

¶
+  (1)

1,

where, in light of Assumption 3(iii), Υ0 02
(1)2Υ =  (1) and Υ

0 02
(1)2Υ is pos-

itive definite for all  large sufficiently large. It follows that 
−1
 0−1 

0
−1 

−1
 is positive

semidefinite w.p.a.1, so that

0 0
 = 00

³

−1
 0−1 

0
−1 

−1


´
 ≥ 0 w.p.a.1 for all  ∈ R+1 such that

kk2 = 1. Moreover, by straightforward calculations, we can show that

0 0
 (1)


=

002Υ
0 02

(1)2Υ2

2
+ 00

∙
 0



¸
 +  (1) ,

where  =
£
 

¤
and 2 =

£
0 

¤
and where 

£
 0

¤
is positive definite for all 

sufficiently large in light of Assumptions 2(ii) and 6(i). Since  6= 0 for all  ∈ R+1 such that

kk2 = 1, it follows that 0 0
 (1)  0 w.p.a.1 for all  ∈ R+1 such that kk2 = 1.

Hence, with probability approaching one as →∞,

 () =
0 0



0 0
 (1)

is a continuous function of  for all values of  such that kk2 = 1. The Weierstrass extreme value
theorem then implies that there exists some e such that e = argminkk2=1 () w.p.a.1. Next,
note that b is the smallest root of the determinantal equation
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det
n

0
 − 

0
 (1)

o
= 0; and, thus, b has the representation

b = 
³e´ = e0 0

ee0 0
 (1)e = min

kk2=1

Ã
0 0



0 0
 (1)

!


Now, let ∗ =
¡
1 −00

¢0

°°°¡ 1 −00 ¢0°°°

2
; and we have, with probability approaching one as

→∞,

0 ≤ b = min
kk2=1

Ã
0 0



0 0
 (1)

!

≤ 0∗
0
∗

0∗
0
 (1)∗

=

¡
min

¢2


(
( −0)

0 ( −0) 
p
2

( −0) (1) ( −0) 

) p
2

(min )
2

= 

Ã£
min

¤2


!
 (1)

Ãp
2

(min )
2

!
= 

Ã£
min

¤2


!
,

given the rate condition
√
2

¡
min

¢2 → 0. This shows part (a).

For part (b), we use the result in part (a) above and the fact that  ∼ 1 by Assumption
5(i) to obtain

b = b − ³1− b´

1−
³
1− b´

=

∙b +

µ
1



¶¸ ∙
1 +

µ
1



¶¸
= 

Ã£
min

¤2


!
. ¤ (12)

We introduce some notations before proceeding to the next lemma. Let¡
(11) (11)

¢
 

¡
(11) (11)

¢

¡
(21) (21)

¢
 

¡
(22) (22)

¢
 ¡

(1) (1)
¢


¡
() ()

¢
denote a triangular array of (bivariate) random vectors.

Also, let () = () ()  ( ) = 1 , denote a triangular array of measurable functions.

In applications of the lemma given below, we will take () to be either a conditional variance

or a conditional covariance given F
 =  (), the -algebra generated by . In addition, we

let 2
()

= [2
()

|F
 ] 2

()
= [2

()
|F

 ]and () = [()()|F
 ]. In order to

simplify notation, we suppress the dependence of (), 
2
()

, 2
()

, and () on .

Lemma S2-8: Let  be as defined above. Assume that i)
¡
(11) (11)

¢
 

¡
(11) (11)

¢
¡

(21) (21)
¢
 

¡
(22) (22)

¢
 

¡
(1) (1)

¢


¡
() ()

¢
are independent

conditional on F
 =  (); ii) there exists a constant  such that, almost surely for all  sufficiently

large,max1≤()≤

³
4
()

|F


´
≤ ,max1≤()≤


³
4
()

|F


´
≤ , andmax1≤()≤

¯̄̄
()

¯̄̄
≤

. In addition, define () = 
£
()()|F



¤
for ( ) = 1 . Then, under Assump-

tions 5 and 6, the following statements are true:

(a) −1
2

X
1≤()()≤

2
()()

()

n
()() − ()

o
→ 0;
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(b) −1
2

X
1≤ ()()()≤ 

()()()()()
©
()() + ()()

ª → 0;

(c) −1
2

X
1≤ ()()()≤ 

()()()()()()()
→ 0;

(d) −1
2

X
1≤ ()()()≤ 

()()()()()()()
→ 0.

Proof of Lemma S2-8: To show part (a), note that



"µ
1

2

X
1≤()()≤

2()()()

n
()() − ()

o¶2
| F



#
=

1

2
2

X
1≤()()≤

4()()
2
()

n

³
2()

2
()|F



´
− 

2

()

o
+

2

2
2

X
1≤()()()≤

2()()
2
()()()()

n

³
2()

2
()|F



´
− 

2

()

o
≤ 1

2
2

X
1≤()()≤

n
4()()

2
()

×
"r


³
4
()

|F


´

³
4
()

|F


´
+

³
2()|F



´

³
2()|F



´#)
+

2

2
2

X
1≤()()()≤

2()()
2
()()

¯̄̄
()

¯̄̄ ¯̄̄
()

¯̄̄
×
(r


³
4
()

|F


´

³
4
()

|F


´
+

³
2()|F



´

³
2()|F



´)

≤ 

(
1

2
2

X
1≤()()≤

4()() +
2

2
2

X
1≤()()()≤

2()()
2
()()

)

≤ 

⎧⎪⎪⎨⎪⎪⎩
1

2
2

X
()()=1
()6=()

4()() +
2

2
2

X
()=1

X
()()=1

()6=()()6=()

2()()
2
()()

⎫⎪⎪⎬⎪⎪⎭
=  (1)

where the first inequality is the result of applying T and a conditional version of CS, the second

inequality follows by hypothesis, and the convergence to zero almost surely follows from parts (b)

and (c) of Lemma S2-1 and the symmetry of . It follows by the conditional version of the Markov’s

inequality that for any   0

Pr

µ¯̄̄̄
1

2

X
1≤()()≤

2()()()

n
()() − ()

o¯̄̄̄
≥  | F



¶
→ 0 

Note further that

sup




⎡⎢⎣
¯̄̄̄
¯̄Pr

⎛⎝¯̄̄̄¯̄ X
1≤()()≤

2
()()

()

n
()() − ()

o
2

¯̄̄̄
¯̄ ≥  | F



⎞⎠¯̄̄̄¯̄
2
⎤⎥⎦ ∞
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Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley

(1986), we have, as →∞,

Pr

µ¯̄̄̄
1

2

X
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as required for part (a).

To show part (b), first let  be the lower triangular matrix such that ()()
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From the proof of part (a), we already have
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note first that
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Next, by straightforward calculations, we obtain
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1 . Also, let

 = (1 ⊗ 1  · · ·  ⊗ )
0; and  is the  column of an  ×  identity

matrix . It follows from (14) and (15) that
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Focusing first on the first term of (16), we get
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where the first and third inequalities follow from CS and where the sixth inequality follows from

the conditional version of the Jensen’s inequality and the last inequality follows in light of the

assumptions of this lemma. In addition, let  be an  × matrix and  =  (1  )

such that () ≥ 0 for all ( ) ∈ {1 }, and note that the second and fourth inequalities in
(17) above follows from the inequality


©
0

ª ≤ ½max
()

¡
()

¢¾

¡
0

¢
. (18)

Turning our attention now to the second term of (16), we see that, using the identity
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It follows by calculations similar to that used to obtain (17), we obtain
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Finally, to analyze the third term of (16), we note that
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where the first inequality above follows from T, the second inequality follows from CS, the third

inequality makes use of (18), the fourth inequality uses CS and T, and the fifth inequality stems

from our assumption about the (almost sure) boundedness of the conditional moments. Applying
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the inequality
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where we have used Assumption 5(iv) and part (a) of Lemma OA-1 in arriving at the last line

above.

In light of (16), it follows from (17), (19), (20), and Lemma OA-11 (given in section 3 below)

that
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it further follows by a version of the dominated convergence theorem, as given by Theorem 25.12

of Billingsley (1986), that as →∞
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as required for part (b).

It is easily seen that parts (c) and (d) can be proved in essentially the same way as part (b);

hence, to avoid redundancy, we do not provide detailed arguments here. ¤
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Lemma S2-10: Let Assumptions 1-6 be satisfied, and let  be any estimator such that, as
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In addition, we also have
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and, by part (a) of Lemma S2-2 as well as parts (c) and (d) of Lemma OA-6 given section 3 of this
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online appendix below, we have
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Lemma S2-11: Let b = 
³e´ = min∈  (), where  () is as defined in Assumption 9.

Then, b is also the smallest root of the determinantal equation det h 0
 − 

0
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i
= 0,

where  = []. Assume in addition that condition (13) in Assumption 9 is satisfied; then, b
has the representation
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where b denotes the FELIM estimator. Moreover, 
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, so that b satisfies the set of (nor-

malized) first-order conditions for minimizing the variance ratio objective function b () =
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Proof of Lemma S2-11:

Note that the first-order condition for minimizing the objective function  () can be written
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of the objective function  (), this implies that we should choose b to be the smallest root of this
determinantal equation. Now, define e = −e2e1, and rewrite the first-order conditions given by ex-
pression (25) as 0 = 

0
e − b 0

 (1)e = e1 n 0

³
 −e´− b 0

 (1)
³
 −e´o,

so that, given the condition that
¯̄̄e1 ¯̄̄ ≥   0  for some constant  (as stated in Assumption

9), we must have


0

³
 −e´− b 0

 (1)
³
 −e´ = 0 (26)

Since  = [], we can partition (26) into two sets of equations

0 = 0
³
 −e´− b0 (1)

³
 −e´  (27)

0 =  0
³
 −e´− b 0 (1)

³
 −e´ . (28)

Solving (28) for e, we obtain e = ³ 0
h
− b (1)

i

´−1

 0
h
− b (1)

i
 = b, so that

the FELIM estimator b is a solution to the second set of equations given by (28). In addition ,
note that, under condition (13) in Assumption 9, we have

b = e0 0
ee0 0

 (1)e =
e1 ³ −e´0³ −e´ e1e1 ³ −e´ (1)

³
 −b´ e1 =

³
 −b´0³ −b´³

 −b´0 (1)
³
 −b´ .
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which shows (24). Furthermore, note that b also satisfies equation (27) since
0

³
 −b´− b0 (1)

³
 −b´

=
³
 −b´0 h− b (1)

i ³
 −b´+ b0 0

h
− b (1)

i ³
 −b´

=
³
 −b´0³ −b´−

³
 −b´0³ −b´³ −b´0 (1)

³
 −b´³

 −b´ (1)
³
 −b´

+b0 0
h
− b (1)

i


−b0 0
h
− b (1)

i

³
 0
h
− b (1)

i

´−1

 0
h
− b (1)

i


= 0

from which we further deduce that b is a solution of the complete set of first-order conditions
given by (26). Finally, since b∆³b´ =  0

³
 −b´ − b 0 (1)

³
 −b´, the fact thatb is a solution of (28) directly imply that b satisfies the set of (normalized) first-order conditions

for minimizing the variance ratio objective function. ¤

Lemma S2-12: If Assumptions 1-6 are satisfied; then,

−1  0
h
− b (1)

i
−1 =  +  (1), where  = Υ

0 02
(1)2Υ,b = hb − ³1− b´ ()

i

h
1−

³
1− b´ ()

i
, and b is smallest root of the de-

terminantal equation det
n

0
 − 

0
 (1)

o
= 0, with  =

£
 

¤
.

Proof of Lemma S2-12: The result follows directly from applying part (b) of Lemma S2-7, parts

(a) and (b) of Lemma S2-2, and the Slutsky theorem. ¤

Lemma S2-13: If Assumptions 1-6 and 8-9 are satisfied; then,

−1  0
h
− b (1)

i
( −0) = Y [1 +  (1)], where Y = Υ0 02 (1)

√
 +−1  0

with  =  − 0 and  = lim→∞
£
 0

¤

£
0

¤
.

Proof of Lemma S2-13:

Note that, by Lemma S2-11 above, b has the representation
b =

³
 −b´0³ −b´³

 −b´0 (1)
³
 −b´ .

Next, from expression (12), we have b = b + 

¡
−1

¢
. It then follows, by tedious but
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straightforward calculations2 and by making use of Assumptions 1, 2(i), 3-6, and 8 that
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[1 +  (1)] , where  =  − 0. ¤

Lemma S2-14: For any  ∈ R such that kk = 1, define 1 = Σ−12 , 2 =
p
2

−1
 Σ

−12
 ,

2() = 02 ()
=
p
2

0Σ−12 −1  (), 
2
()

= 
h
2
()
|F



i
, e() = 

h
2()()|F



i
, and e2() =


h
2
2()
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i
. If Assumptions 1-2 and 5-6 are satisfied; then, the following statements are true.

(a)
X

()=2

X()−1
()=1
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(1)()

√
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³
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Proof of Lemma S2-14:

To show part (a), first letW =
X

()=2

X()−1
()=1

£
01Υ

0 02
(1)()

√

¤ ¡
()()

p
2

¢
×
n
()

e() + 2()
2
()

o
. By taking expectation and applying the triangle inequality, we

obtain 
£
W2

|F


¤ ≤ H1 +H2 +H3 +H4, where H1 =X

()()=2

¯̄
−1

£
01Υ

0 02
(1)()

¤
2Further details are available from the authors upon request.
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× £01Υ0 02 (1)()
¤ e()e()Xmin{()()}−1

()=1

³
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2
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X

()()=2

¯̄̄¡£
01Υ

0 02
(1)()

¤ £
01Υ

0 02
(1)()

¤

¢
2
()

e()
×
Xmin{()()}−1

()=1

³
()()()()

e()2

´¯̄̄̄
,H3 =

X

()()=2

¯̄
−1

£
01Υ

0 02
(1)()

¤
× £01Υ0 02 (1)()

¤
2
()

e()Xmin{()()}−1
()=1

³
()()()()

e()2

´¯̄̄̄
,

H4 =
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³
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. Focusing first on H1, we obtain, by apply-

ing the CS inequality,
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0
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Applying the CS inequality, Assumption 2(i), part (d) of Lemma S2-3, and Lemma S2-6, we obtain

max
1≤()≤

¯̄̄e() ¯̄̄ = max
1≤()≤

p
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Moreover, by direct calculations,X

()=2

X

()=2

µXmin{()()}−1
()=1

()()()()
2
()

2

¶2
= −2

2 {2
02

0},
where  is the lower triangular matrix such that ()() = ()()I {( )  ( )} and 2 =


³
2
(11)

  2
()

´
= 

¡
21  

2


¢
and where 2

()
= 

h
2
()
|F



i
for ( ) =

1 . In addition, by the result shown in Lemma OA-11 (given in section 3 of this appendix),

we have k0k = 

¡p
2

¢
. Using these results, we further deduce, by applying the CS
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inequality, Assumptions 2 and 3(iii), and part (d) of Lemma S2-3 that
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Similarly, let  = 
³e(11)  e()´ = 
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´
, we can also show
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and
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Moreover, let 2 = 
³e2(11)  e2()´ = 

¡e21  e2

¢
, and note that
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where the order of magnitude above is calculated by applying Assumptions 2 and 3(iii), part (d)
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of Lemma S2-3, and the fact that k0k = 

¡p
2

¢
and by making use of the result

max
1≤()≤

e2() = max
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2
0Σ−12 −1 
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which can be easily deduced from part (d) of Lemma S2-3 and Lemma S2-6. Combining (30)-(33),

we obtain 
£
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|F


¤
= 

³p
2

¡
min

¢−2´
. Hence, by the law of iterated expectations and

by Theorem 16.1 of Billingsley (1995), there exists a constant  ∞ such that, for all  sufficiently
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p
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≤ . It follows from the Markov’s inequality that
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For part (b), note that, by Assumption 2, the symmetry of , part (c) of Lemma S2-1, and

expression (34) above; we obtain
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Hence, there exists a constant  ∞ such that for all  sufficiently large
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It follows from the Markov’s inequality that for any   0,
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For part (c), note that, by Assumption 2, the symmetry of , part (c) of Lemma S2-1, and

expression (34) above; we get
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where, in obtaining the result above, we have also calculated the almost sure order of magnitude
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using part (d) of Lemma S2-3 and Lemma S2-6. Hence, there exists a constant   ∞ such that

for all  sufficiently large
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as required. ¤

Lemma S2-15: Let {F 1 ≤  ≤   ≥ 1} be a square integrable martingale difference
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array. Suppose that for all   0
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¤ → 1. (37)

Then,
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→  (0 1).

Proof of Lemma S2-15: The proof of this central limit theorem for square integrable martingale

difference array is given in Gänsler and Stute (1977). See also Corollary 3.1 in Hall and Heyde

(1980).

Remark: Note that a sufficient condition for condition (36), which we will verify in lieu of (36) in

the proof of Theorems 2 and 3 in Appendix S1, is the following

X
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→ 0, for some   0 (38)
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Proof of Lemma S2-16:

To proceed, note first that Lemma S2-6 along with the assumptions on
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note that we can apply Assumption 2(i), part (c) of Lemma S2-1, and the upper bounds given by

(39) and (40) above to obtain
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Hence, the law of iterated expectations and Theorem 16.1 of Billingsley (1995) imply that there ex-

ists a positive constant  ∞ such that, for all  sufficiently large, 
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For part (b), we can apply Assumption 2, part (c) of Lemma S2-1, and the result given in

expression (39) above to obtain
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µ
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¶
Hence, the law of iterated expectations and Theorem 16.1 of Billingsley (1995) imply that there

exists a positive constant  ∞ such that for all  sufficiently large
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2

X
()=2

()−1X
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³
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≤ 

For any   0, set  =

q
, and it follows by Markov’s inequality that, for all  sufficiently
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large,

Pr

⎛⎝√
¯̄̄̄
¯̄
¡
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()−1X
()=1
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⎞⎠
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h
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= 

which shows that ¡
min
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X
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³
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h
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i´

h
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i
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µ
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Lemma S2-17 Under Assumptions 1-6, −1  0 ( ◦ )−1 = Σ1

+
X

()()=1()6=()
2
()()

2
()

−1 Ψ()−1 + (1), where Σ1 = Υ
0 02

(1)2
(1)2Υ,

2
()

= 
h
2
()
|F



i
, 2 = 

³
2
(11)

  2
()

´
, and Ψ() = 

h
()

0
()

|F


i
.

Proof of Lemma S2-17: To proceed, using the fact that 1Θ
√
 = 0 and  = 0, we can

write

−1  0 ( ◦ )−1 = −1

µ
√

Θ0 01 +

√

Υ0 02 + Ξ

00 +  0
¶
 ( ◦ )

×
µ
1Θ

√

+ 2Υ

√

+Ξ+ 

¶
−1

=
Υ0 02 ( ◦ )2Υ


+−1  0 ( ◦ )−1

+
Υ0 02 ( ◦ )−1√


+

−1  0 ( ◦ )2Υ√
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Hence, by applying part (b) of Lemma OA-8 as well as (a)-(e) of Lemma OA-9, we obtain

−1  0 ( ◦ )−1 −
Υ0 02

(1)2
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−
X
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h
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h
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i
−1 

h
()

0
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i
−1

+
Υ0 02 ( ◦ )−1√


+

−1  0 ( ◦ )2Υ√


=  (1) . ¤

Lemma S2-18 Let Assumptions 1-6 and 8 be satisfied, and let
nbo be any sequence of esti-

mators such that
°°°b − 0

°°°
2

→ 0 as  → ∞, as long as p2
¡
min

¢2 → 0. Also, define the

following notations: let b =  ()
³
 −b´,  =

£
 ◦

¤−1
, 1 =  0 ( [b ◦ b]),

2 = (b ◦ b)0  ( ◦) ¡b0 ◦ ()
¢
,

2 = (b ◦ b)0  ( ◦) ³b0 ◦ b´ with b = () − bb0, 3 = (b ◦ b)0  ( ◦) (b ◦ b),
4 =

¡b0 ◦ ()
¢0
 ( ◦) ¡b0 ◦ ()

¢
, 4 =

³b0 ◦ b´0  ( ◦) ³b0 ◦ b´, and
Σ1 = Υ

0 02
(1)2

(1)2Υ. In addition, define 
2
()
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h
2
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|F



i
,

2 = 
³
2
(11)
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´
, () = 

£
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¤
, Ψ() = 

h
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0
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i
,


()
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h
 ()()|F



i
, and Ψ() = 

h
 ()

0
()|F



i
where  () = () − () and where

for notational convenience we suppress the dependence of 2
()
, (), Ψ(), (), and Ψ() on

F
 =  (). Then, under the above conditions, the following statements are true.

(a) −1 1
−1
 = Σ1 +

X

()()=1()6=()
2
()()

2
()

−1 Ψ()−1

+

³
max

n
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¡
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¢−2o´
.

(b) 32 −−1
2

X

()()=1()6=()
2
()()

2
()

2
()

=  (1).

(c) −1 4
−1
 −

X

()()=1()6=()
2
()()

−1 ()
0
()

−1
 = 

³
2

¡
min

¢−2´
.

(d)
¡
min 2

¢
2

−1
 −

¡
min 2

¢X

()()=1()6=()
2
()()

2
()

0()
−1
 =  (1).
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(e) −1 b = 

³¡
min

¢−1´
and −1 (b − ) = 

³¡
min

¢−1´
, where  = lim→∞  =
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¡

£
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¤

¢

¡

£
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¤

¢
.

(f) −1 4
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(g)
¡
min 2
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¢X

()()=1()6=()
2
()()

2
()

0
()

−1 = (1).

Proof of Lemma S2-18:

To show part (a), note first that, by making use of the decomposition  () =  − ⊥ ,

where ⊥ =
¡
 0

¢−1
 0, we can write

b =  ()
³
 −b´

=  ()
³
 −

h
0 − 0 + bi´

=  () ( −0)− ()
³b − 0

´
=  () (1 +) + ()− ()

³b − 0

´
=  ()− ()

³b − 0

´
= − ()

³b − 0

´
+− ⊥,

from which we obtain

 [b ◦ b] = 
h
 ()

³b − 0

´
◦ ()

³b − 0

´i
+ 

£
 ◦

¤
+

h
⊥ ◦ ⊥

i
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h
 ◦ ()

³b − 0
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h
⊥ ◦ ()

³b − 0
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− 2

h
 ◦ ⊥
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(41)

where  =
£
 ◦

¤−1
. Substituting the right-hand side of (41) into covariance matrix estimator

−1  0 ( [b ◦ b])−1 , we get

−1 1
−1
 −−1  0 ( ◦ )−1

= −1  0 ( [b ◦ b])−1 −−1  0 ( ◦ )−1
= T1 + T2 + T3 + T4 + T5 + T6 + T7 + T8 + T9 + T10,

where T1 = −1  0
³

h
 ()

³b − 0

´
◦ ()

³b − 0

´i´
−1 ,

T2 = −1  0
¡

£
 ◦

¤¢
−1 −−1  0 ( ◦ )−1 ,

T3 = −1  0
³

h
⊥ ◦ ⊥

i´
−1 ,

T4 = −2−1  0
³

h
 ◦ ()

³b − 0

´i´
−1 ,

T5 = 2−1  0
³

h
⊥ ◦ ()

³b − 0

´i´
−1 , and
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T6 = −2−1  0
³

h
 ◦ ⊥

i´
−1 .

Consider the term T1. Let G = {( ) :  =  and  = 1  }; and note that for any   ∈ R

such that kk2 = kk2 = 1, we have

¯̄
0T1

¯̄
=

¯̄̄̄
¯̄ X
()=1

X
()6=()

X
()6=()

X
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0−1  0()()()()()

×0() ()
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0
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=
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¯̄ X
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X
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×
⎛⎝ X
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´³b − 0

´0
 0 ()()

⎞⎠
×

X
()6=()

()()
0
()−1 

¯̄̄̄
¯̄

where ()() is the element in the ( )
 row and the ( ) column of the matrix  for

( )  ( ) ∈ {1 }, where I {·} denotes an indicator function, where () is an  × 1
elementary vector whose ( ) component is 1 and all other components are 0, and where the

second equality above follows from the fact that ()() = 0 for  6=  due to the sparsity (or

block diagonal nature) of  . Now, let Σ
¡
 () 0 ()

¢
be a diagonal matrix whose ( )

diagonal element is given by
X

=1

¯̄
()()

¯̄
0
()

 () 0 ()(). Applying the triangle

inequality and the inequality | | ≤ (12)2 + (12) 2, we then obtain
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By tedious but straightforward calculations, we can show that
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¡
 () 0 ()

¢
−1 = 

³
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n
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¡
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. Hence, given the as-

sumption that
°°°b − 0

°°°2
2

→ 0, it follows from expression (42) that

|0T1| = 

³
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n
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¡
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¢−2o´
. Since the above argument holds for all   ∈ R such

that kk2 = kk2 = 1, we further deduce that T1 = 

³
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n
12

¡
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¢−2o´
. By following a

similar method of proof, we can also show that T = 

³
max

n
12

¡
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¢−2o´
for  = 2  6.

The fact that T = 

³
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n
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¡
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for each  = {1  6} further implies that
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Ã
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2

(min )
2

)!
(43)

Moreover, by the result of Lemma S2-17,

−1  0 ( ◦ )−1 = Σ1 +

X
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()6=()

2()()
2
()

−1
 Ψ()
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 + (1) (44)

Combining (43) and (44), we further obtain
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which shows part (a).
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To show part (b), write

3

2
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2

X
()()=1
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2()()
2
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2
() = A+ A,
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3
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ane where
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To analyze the term A, note that, by direct calculation, we can obtain the following decomposition

A =
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X
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X
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=4

A (45)
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where

A1 =
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³
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X
=1

()()

³
0()

⊥+ 0()
()

hb − 0

i´³
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X
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³
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X
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³
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2

X
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2()()

(
X
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³
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X
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³
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i´³
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It then follows from part (d) of Lemma OA-14; part (e) of Lemmas OA-15 and OA-16; as well as
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part (c) of Lemmas OA-17, OA-18, and OA-19 that

A =
3

2
− 1

2

X
()()=1
()6=()

2()()
2
()

2
()

= A1 +A2 +A3 + 2A4 + 2A5 + 2A6 =  (1) . (46)

Now, for the term A = −1
2

X

()()=1()6=()
2
()()

³
2
()

2
()
− 2

()
2
()

´
, it can be

shown by straightforward calculation and by using Assumptions 1, 2(i), 5 and 6 and Lemma S2-1(a)

that 
£
A2|F



¤
= 

¡
−1

¢
. It then follows by application of the law of iterated expectations,

Theorem 16.1 of Billingsley (1995), and the Markov’s inequality that

A = 

µ
1√


¶
. (47)

Combining (46) and (47), we get

3

2
− 1

2

X
()()=1
()6=()

2()()
2
()

2
() = A+ A =  (1) +

µ
1√


¶
=  (1) ,

which shows part (b).

The proofs for parts (c) and (d) are very similar to that of part (b). Hence, to avoid duplication,

we will not provide detailed proofs of these parts here.

Turning our attention to part (e), note first that, we can write

b −  =
 0 ()

³
 −b´ ³

 −b´0 ()
³
 −b´  − 

=
 0 ()

³
 −b´ −  0 (1)+  0 (1)³

 −b´0 ()
³
 −b´ − 0+ 0

− 

where  = lim→∞  = lim→∞
¡

£
 0

¤

¢

¡

£
0

¤

¢
. By straightforward asymp-

totic analysis, we can show that

 0 ()
³
 −b´


−  0 (1)


=  (1) ,³

 −b´0 ()
³
 −b´


− 0 (1)


=  (1) ,

0 (1)


− 0


=  (1) ,
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 0 (1)

0
−  = 

µ
max

½
1√


1



¾¶
=  (1) .

Next, note that, under Assumption 6(i),  ≥ 3 for all , so that −1

≥ 2

3
for all . Hence, by

Assumption 2(ii), there exists a positive constant  such that 
h
2
()
|F



i
≥   0 , so that


£
0

¤


=
1




(
X
=1

X
=1

∙µ
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≥ 2
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=1
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≥ 2

3


"
X
=1

X
=1



#
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Ã
since  =

X
=1



!

≥ 2

3
  0

for all  sufficiently large. It follows from these results that b−  =
£
 0 (1)

¡
0

¢¤− +

 (1) =  (1) and kbk2 ≤ kb − k2 + kk2 =  (1).

Now, let  ∈ R such that kk2 = 1; and note that, by applying the CS inequality, we have¯̄
0−1 b¯̄ ≤ 1

(min )
kbk2 = 

µ
1

(min )

¶
, (48)

¯̄
0−1 (b − )

¯̄
≤ 1

(min )
kb − k2 = 

µ
1

(min )

¶
 (49)

Since the argument above holds for any  ∈ R such that kk2 = 1, we further deduce that

−1 b = 

³¡
min

¢−1´
and −1 (b − ) = 

³¡
min

¢−1´
, which shows part (e).

Part (f) can be shown by applying the results of parts (b), (c), (d), and (e) of this lemma as

well as part (a) of Lemma S2-1 and Assumptions 2(i) and 3(ii). Part (g), on the other hand, can

be proved by applying the results of parts (b), (d), and (e) of this lemma. ¤

Section 2: Proof of Lemma 1 of the Main Paper

Lemma 1: Suppose that Assumptions 5 and 6(i) are satisfied. Then, there exists a positive

constant  such that

min

³
 () ◦ ()

´
≥   0 

for all  sufficiently large.

Proof of Lemma 1:

To show the required result, we shall apply Geršgorin’s theorem (see Theorem 6.1.1 on page

344 of Horn and Johnson, 1985). To apply this theorem to the matrix  () ◦ (), we note

first that this matrix is symmetric and its elements are real-valued, so that all the eigenvalues of

this matrix are real. Now, let () denote an × 1 elementary vector whose ( ) component is
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1 and all other components are 0, and define

0()
³
 () ◦ ()

´
=

X
()=1
()6=()

¯̄̄
0()

³
 () ◦ ()

´
()

¯̄̄
for ( ) ∈ {1 } .

Applying Geršgorin’s theorem to the matrix  () ◦ (), we see that
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´
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³
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Using the first inequality above, we have
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´
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X
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−
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−
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Hence, a sufficient condition that min
¡
 () ◦ ()

¢
is bounded away from zero  is that,

there exists a positive constant  such that

min
1≤()≤

∙

()

()()

µ

()

()()
− 1
2

¶¸
≥   0  (50)

Now, consider the function

 () = 

µ
− 1

2

¶
for 0 ≤  ≤ 1

and note that

 0 () = 2− 1
2
 0 for

1

4
  ≤ 1,

from which we deduce that a sufficient condition for the condition given by (50) is

min
1≤()≤


()

()()
≥ 1
2
+ 1 

for some 1  0. In addition, write 
() =  − ⊥ , where ⊥ = 

¡
 0

¢−1
 0

and where the ( ) diagonal element of  =  − (0)−10 is given by




()()
= 1− 1



Under Assumption 5, ⊥
()()

=  () =  (1) for every ( ) ∈ {1 }, so that for
any 0  1  16, there exists a positive integer 1 such that for all  ≥ 1 , 

⊥
()()

 1
6
− 1

 It follows that, under the assumption that min1≤≤  ≥ 3, we have for all  ≥ 2

min
1≤()≤


()

()()
= min

1≤()≤

³




()()
− ⊥

()()

´
= min

1≤()≤

µ
1− 1


− ⊥

()()

¶


2

3
−
µ
1

6
− 1

¶
=
1

2
+ 1 ,

as required. ¤

Section 3: Statement and Proof of Additional Lemmas

In this section, we state and prove a number of additional supporting lemmas whose results

are used to prove some of the lemmas given in section 1 of this online appendix.

Lemma OA-1: Under Assumptions 5 and 6(i), the following statements are true.

(a)


n
2
o
= 

Ã
2
2



!
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where  = 
³b1  b

´
.

(b)

max
1≤()≤

¯̄̄b() ¯̄̄2 = 

Ã
2
2

2

!


Proof of Lemma OA-1:

To show part (a), note that, by the result of Lemma 1, there exists a constant   0 such that


n
2
o

=

X
()=1

b2()
= 0⊥

³
 () ◦ ()

´−1 X
()=1

()
0
()

³
 () ◦ ()

´−1
⊥

= 0⊥
³
 () ◦ ()

´−2
⊥

≤ 1£
min

¡
 () ◦ ()

¢¤20⊥⊥
≤

µ
1



¶2
0⊥⊥ 

=

µ
1



¶2 X
()=1

³
⊥()()

´2
≤

µ
1



¶2µ
max

1≤()≤

⊥()()

¶ X
()=1

⊥()()

= 

Ã
2
2



!
(by Assumption 5(iv)).

where () denotes an  × 1 elementary vector whose ( ) component is 1 and all other com-
ponents are 0.

Next, we consider part (b). Note first that, as shown in the proof of Lemma 1, under the

assumptions that min1≤≤  ≥ 3 and  = (1), the projection matrix  () is strictly

diagonally dominate , so that there exists a positive constant  such that

min
1≤()≤

∙

()

()()

µ

()

()()
− 1
2

¶¸
≥   0 

See, in particular, expression (50) in the proof of Lemma 1. Under these conditions, then, applica-

tion of Theorem 1 of Varah (1975) to our problem leads to the following inequality

°°°°³ () ◦ ()
´−1°°°°

∞
≤

⎛⎜⎜⎝ min
1≤()≤

⎡⎢⎢⎣³ ()

()()

´2
−

X
()=1
()6=()

³

()

()()

´2⎤⎥⎥⎦
⎞⎟⎟⎠
−1

.
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Now, making use of this inequality, we have, almost surely for all  sufficiently large,

max
1≤()≤

¯̄̄b() ¯̄̄2
= max

1≤()≤

¯̄̄̄
0()

³
 () ◦ ()

´−1
⊥

¯̄̄̄2
≤ max

1≤()≤

°°°°³ () ◦ ()
´−1

()

°°°°2
1

k⊥k2∞ (by Hölder’s inequality)

=

µ
max

1≤()≤

°°°°³ () ◦ ()
´−1

()

°°°°
1

¶2
k⊥k2∞

=

⎛⎝ max
1≤()≤

X
()=1

¯̄̄̄³
 () ◦ ()

´−1
()()

¯̄̄̄⎞⎠2µ max
1≤()≤

⊥()()

¶2

=

°°°°³ () ◦ ()
´−1°°°°2

1

µ
max

1≤()≤

⊥()()

¶2
=

°°°°³ () ◦ ()
´−1°°°°2

∞

µ
max

1≤()≤

⊥()()

¶2
(by symmetry of

³
 () ◦ ()

´−1
)

≤

⎛⎜⎜⎝ min
1≤()≤

⎡⎢⎢⎣³ ()

()()

´2
−

X
()=1
()6=()

³

()

()()

´2⎤⎥⎥⎦
⎞⎟⎟⎠
−2µ

max
1≤()≤

⊥()()

¶2
(by Theorem 1 of Varah, 1975)

=

µ
2 min
1≤()≤

∙

()

()()

µ

()

()()
− 1
2

¶¸¶−2µ
max

1≤()≤

⊥()()

¶2
≤

µ
1

2

¶2µ
max

1≤()≤

⊥()()

¶2
(by expression (50))

= 

Ã
2
2

2

!
. ¤

Lemma OA-2:

Under Assumptions 1, 2, 3(iii), and 5(iii), the following statements are true.

(a)

Υ0 02
1

¡
 01

1
¢−1

 01
√


=  (1) 

(b)

Υ0 02
√


=  (1) 
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(c)

Υ0 02
(1)√


=  (1) 

Proof of Lemma OA-2:

Note first that, under Assumption 5(iii),  0 is positive definite , which implies that

 01
1 is positive definite and, thus, nonsingular  as well. Now, to show part (a), note that,

for any  ∈ R such that kk2 = 1, we obtain, by applying Assumptions 1, 2(i), and 3(iii),



⎡⎣Ã0Υ0 02
1

¡
 01

1
¢−1

 01
√



!2
|F



⎤⎦
=

0Υ0 02
1

¡
 01

1
¢−1

 01


£
0|F



¤
1

¡
 01

1
¢−1

 01
2Υ



≤
µ

max
1≤()≤


h
2()|F



i¶ 0Υ0 02
1

¡
 01

1
¢−1

 01
2Υ



≤
µ

max
1≤()≤


h
2()|F



i¶ 0Υ0 022Υ


=  (1) .

Hence, there exists a positive constant  ∞ such that for all  sufficiently large



⎛⎝"0Υ0 021
¡
 01

1
¢−1

 01
√



#2⎞⎠
= 

⎧⎨⎩

⎛⎝"0Υ0 021
¡
 01

1
¢−1

 01
√



#2
|F



⎞⎠⎫⎬⎭
≤ 

It follows from Markov’s inequality that, for any   0, we can set  =

q
 so that, for all 

sufficiently large,

Pr

Ã¯̄̄̄
¯0Υ0 021

¡
 01

1
¢−1

 01
√



¯̄̄̄
¯ ≥ 

!

= Pr

⎛⎝¯̄̄̄¯0Υ0 021
¡
 01

1
¢−1

 01
√



¯̄̄̄
¯
2

≥ 2

⎞⎠

≤


µh
0Υ0 02

1
¡
 01

1
¢−1

 01

√

i2¶

2

≤ 


= 
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which shows that
0Υ0 02

1
¡
 01

1
¢−1

 01
√


=  (1)

Since the above result holds for all  ∈ R such that kk2 = 1, we further deduce that

Υ0 02
1

¡
 01

1
¢−1

 01
√


=  (1) ,

as required for part (a).

Turning our attention to part (b), we again let  ∈ R such that kk2 = 1; and note that, by
Assumptions 1, 2(i), and 3(iii),



Ã∙
0Υ0 02

√


¸2
|F



!
=

0Υ0 02


£
0|F



¤
2Υ



≤
µ

max
1≤()≤


h
2()|F



i¶ 0Υ0 02
2Υ



≤
µ

max
1≤()≤


h
2()|F



i¶ 0Υ0 022Υ


=  (1)

Hence, there exists a positive constant  ∞ such that for all  sufficiently large



Ã∙
0Υ0 02

√


¸2!
= 

(


Ã∙
0Υ0 02

√


¸2
|F



!)
≤ .

It follows from Markov’s inequality, for any   0, we can set  =

q
 so that for all  sufficiently

large

Pr

µ¯̄̄̄
0Υ0 02

√


¯̄̄̄
≥ 

¶
= Pr

Ã¯̄̄̄
0Υ0 02

√


¯̄̄̄2
≥ 2

!

≤

³£
0Υ0 02


√

¤2´

2

≤ 


= 

which shows that
0Υ0 02

√


=  (1) 

Since the above result holds for all  ∈ R such that kk2 = 1, we further deduce that

Υ0 02
√


=  (1) .
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Finally, for part (c), note that it follows immediately from parts (a) and (b) above that

Υ0 02
(1)√


=
Υ0 02

√


− Υ
0 02

1
¡
 01

1
¢−1

 01
√


=  (1) ,

as required. ¤
Lemma OA-3:

If Assumptions 1, 2(i), 4(ii), 5, and 6(i) are satisfied; then,

0p
2

=  (1) 

Proof of Lemma OA-3:

To proceed, note that, by the symmetry of  and by Assumptions 1, 2(i), and 5; we have



⎛⎝" 0p
2

#2
|F



⎞⎠
=

1

2

X
(11)(11)=1
(11)6=(11)

X
(22)(22)=1
(22)6=(22)

(11)(11)(22)(22)
£
(11)(11)(22)(22)|F



¤

=
2

2

X
()()=1
()6=()

2()()
h
2()

2
()|F



i

≤ 2

µ
max

1≤()≤


h
4()|F



i¶ 1

2

X
()()=1
()6=()

2()()

=  (1)

Hence, there exists a positive constant  ∞ such that for all  sufficiently large



⎛⎝" 0p
2

#2⎞⎠ = 

⎧⎨⎩

⎛⎝" 0p
2

#2
|F



⎞⎠⎫⎬⎭ ≤ .

It follows from Markov’s inequality, for any   0, we can set  =

q
 so that for all  sufficiently
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large

Pr

Ã¯̄̄̄
¯ 0p

2

¯̄̄̄
¯ ≥ 

!
= Pr

⎛⎝¯̄̄̄¯ 0p
2

¯̄̄̄
¯
2

≥ 2

⎞⎠
≤


³£
0

p
2

¤2´
2

≤ 


= 

which shows that
0p
2

=  (1) . ¤

Lemma OA-4: Under Assumptions 1, 2, 6, and 8; the following statements are true.

(a)

0


−

∙
0



¸
= 

µ
1√


¶
,

and there exist positive constants  ≤  such that

0   ≤ 

∙
0



¸
≤  ∞

for all  sufficiently large.

(b)

 0 (1)


−

∙
 0



¸
= 

µ
max

½
1√


1



¾¶


where



∙
 0



¸
=  (1) 

(c)

 0 (1)

0
−  = 

µ
max

½
1√


1



¾¶


where

 = lim
→∞  = lim

→∞

£
 0

¤


 [0] 
.

Proof of Lemma OA-4: To show part (a), note first that, making use of Assumptions 1, 2(i),
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and 6(ii); we have



Ã
0−

£
0

¤


!2

=



⎛⎜⎝ X
=1

X
=1

³
−1


´ h
2
()
−

n
2
()

oi
−

X
=1

1


X
=1

X
=1
6=
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⎞⎟⎠
2

2

=
1

2

X
=1

X
=1

X
=1

X
=1

µ
 − 1


¶µ
 − 1


¶

³h
2() −

n
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oi h
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n
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− 2
2

X
=1

X
=1

X
=1

X
=1

X
=1
6=

µ
 − 1


¶
1
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n
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oi
()()

o

+
1

2

X
=1

X
=1

X
=1
 6=

X
=1

X
=1

X
=1
6=

µ
1



¶µ
1



¶

£
()()()()

¤

=
1

2

X
=1

X
=1

X
=1

X
=1

µ
 − 1


¶µ
 − 1


¶

³h
2() −

n
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oi h
2() −

n
2()

oi´

+
2

2

X
=1

X
=1

X
=1
 6=

µ
1



¶2

h
2()

i

h
2()

i

=
1

2

X
=1

X
=1

µ
 − 1


¶2

³
2() −

n
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o´2
+
2

2

X
=1

X
=1

X
=1
 6=

µ
1



¶2

h
2()

i

h
2()

i

≤ 1

2
 max

1≤()≤


h
4()

i
+
2

2


µ
max

1≤()≤


h
2()

i¶2
=

1


 max
1≤()≤


h
4()

i
+
2



µ
max

1≤()≤


h
2()

i¶2
= 

µ
1



¶
It follows by Markov’s inequality that

0−
£
0

¤


= 

µ
1√


¶
. (51)

Next, note that, by Assumption 6(i),  ≥ 3 for all , so that −1

≥ 2

3
for all . Hence, by
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Assumption 2(ii), there exists a positive contant  such that 
h
2
()
|F



i
≥   0 , so that


£
0

¤


=
1




(
X
=1

X
=1

∙µ
 − 1


¶¸

h
2()|F



i)

≥ 2

3


(
X
=1

X
=1


h
2()|F



i)

≥ 2

3


"
X
=1

X
=1



#

=
2

3


⎡⎣ X
()=1



⎤⎦
=

2

3






≥ 2

3
  0

for all  sufficiently large. Furthermore, by Assumption 2(i), there also exists a positive contant 

(≥ ) such that µ
max

1≤()≤


h
2()|F



i¶
≤  ,

from which it follows that



∙
0



¸
=

1




(
X
=1

X
=1

µ
 − 1


¶

h
2()|F



i)

≤ 1




(
X
=1

X
=1


h
2()|F



i)
≤ 


 =  ∞.

Next, to show part (b), let  ∈ R such that kk2 = 1; and since  (1) = − ⊥1 , where

⊥1 =1
¡
 01

1
¢−1

 01
, we can write

0 0 (1)


=

0 0


− 0 0⊥1 


.

Note first that by argument similar to that given in part (a) above, we can show that

0 0


−

∙
0 0



¸
= 

µ
1√


¶
. (52)
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Next, note that, by application of the CS inequality and Assumptions 1, 2(i), and 5; we have
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¯0 0⊥1 
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¯ |F
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2
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i
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r
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h
2
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i1


= 

µ
1



¶
Hence, there exists a constant  ∞ such that for all  sufficiently large



"


1

¯̄̄̄
¯0 0⊥1 



¯̄̄̄
¯
#
= 

Ã


"


1

¯̄̄̄
¯0 0⊥1 



¯̄̄̄
¯ |F



#!
≤ .

Application of Markov’s inequality then implies that for any   0,

Pr

Ã


1

¯̄̄̄
¯0 0⊥1 



¯̄̄̄
¯ ≥ 



!
≤ 



1


h¯̄̄
0 0⊥1 

¯̄̄i


≤ 

for all  sufficiently large, which shows that

0 0⊥1 


= 

µ
1



¶
 (53)

It follows from (52) and (53) that

0 0 (1)


−

∙
0 0



¸
= 

µ
max

½
1√


1



¾¶
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In addition, by the CS inequality and Assumptions 2(i) and 6(ii),¯̄̄̄
¯
£
0 0

¤


¯̄̄̄
¯ =

1



¯̄̄̄
¯
X
=1

X
=1

µ
 − 1


¶

£
0()()

¤¯̄̄̄¯
≤ 1



X
=1
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=1
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¯̄¤
≤ 1
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X
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h
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0
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i


r

h
2
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i
≤ 

r
max

1≤()≤


°°()°°2r max

1≤()≤


h
2
()

i
=  (1)

Since the above argument holds for any  ∈ R such that kk2 = 1, we further deduce that

 0 (1)


−

∙
 0



¸
= 

µ
max

½
1√


1



¾¶
.

and



∙
 0



¸
=  (1) ,

as required to show part (b).

Finally, to show part (c), we first write

 0 (1)

0
−  =

 0 (1)

0
−  +  − 

By Assumption 8, the sequence {} has a limit defined to be  so that  −  → 0 as  → ∞.
Next, note that

 0 (1)

0
− 

=
 0 (1)

0
− 

£
 0

¤
 [0]

=
 0 (1)

 [0]
− 

£
 0

¤
 [0]

+
 0 (1)

0
−  0 (1)

 [0]

=
 0 (1)−

£
 0

¤
 [0]

+
 0 (1)

£
0

¤
(0) [0]

−
¡
0

¢
 0 (1)

(0) [0]

=
 0 (1)−

£
 0

¤
 [0]

−  0 (1)

0

¡
0−

£
0

¤¢
 [0]
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Now, applying the results of parts (a) and (b) above and the Slutsky’s theorem, we obtain

 0 (1)−
£
 0

¤
 [0]

=

¡
 0 (1)−

£
 0

¤¢


 [0] 
= 

µ
max

½
1√


1



¾¶


0−
£
0

¤
 [0]

=

¡
0−

£
0

¤¢


 [0] 
= 

µ
1√


¶


and

 0 (1)

0
=

 0 (1)

0

=

¡
 0 (1)−

£
 0 

¤¢
+

£
 0

¤


(0− [0]) + [0] 

=

£
 0

¤
+ (1)

 [0] + (1)
=  (1) .

It follows that

 0 (1)

0
− 

=
 0 (1)

0
− 

£
 0

¤
 [0]

=

¡
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£
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¤¢


 [0] 
−  0 (1)

0

0−
£
0

¤


 [0] 

= 

µ
max

½
1√


1



¾¶
− (1)

µ
1√


¶
= 

µ
max

½
1√


1



¾¶
. ¤

Lemma OA-5:

Suppose that Assumptions 1-6 are satisfied. Let

b (0) = ( −0)
0 ( −0)

( −0)
0 (1) ( −0)

;

then, b (0) = 0
0

"
1 +

Ã
max

(
p

2

1


1



)!#
,

Proof of Lemma OA-5:

To proceed, first write

b (0) = ( −0)
0 ( −0)

( −0)
0 (1) ( −0)

=
0

0 (1)
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Moreover, note that 0 (1) = 0 / − 0⊥1 . By the results of part (a) of Lemma

OA-4, we have that 0 − 
£
0

¤
= 

¡
−12

¢
, and also that there exist positive

constants  ≤  such that, for all  sufficiently large, 0   ≤ 
£
0

¤ ≤   ∞. In
addition, by argument similar to that used to obtain expression (53) in the proof of part (b) of

Lemma OA-4, we can show that 0⊥1  =  (1) =  (1). It follows that

( −0)
0 (1) ( −0)


=

0 (1)


=

0



∙
1 +

µ
1



¶¸
, (54)

where 0 =  (1) and where 
0  0 w.p.a.1. Finally, note that

b (0) =
0


"
0 (1)



#−1

=
0


∙
0



µ
1 +

µ
1



¶¶¸−1
=

0
0

∙
1 +

µ
1



¶¸−1
=

0
0

∙
1 +

µ
1



¶¸
which shows the required result. ¤
Lemma OA-6: Suppose that Assumptions 1-6 are satisfied. Let b be any estimator that satisfies
the following conditions as →∞

(i) If 2
¡
min

¢2
=  (1), then



³b − 0

´
=  (1)

(ii) If
¡
min

¢2
2 =  (1) but

p
2

¡
min

¢2 → 0, then¡
min

¢


³b − 0

´
p
2

=  (1)

Under these conditions, the following statements are true.

(a) Under case (i),

−1  0
³
 −b´ =  (1)

while, under case (ii),

−1  0
³
 −b´ = 

Ãp
2

(min )

!
.
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(b) Under both case (i) and case (ii),

−1  0 (1)
³
 −b´ = 

µ


(min )

¶
(c) Under both case (i) and case (ii),³

 −b´0³ −b´p
2

=
0p
2

+  (1) ,

where 0
p
2 =  (1).

(d) Under both case (i) and case (ii),³
 −b´0 (1)

³
 −b´


=

0


[1 +  (1)] 

where 0 =  (1) and where 
0  0 w.p.a.1.

(e) Under both case (i) and case (ii),

b³b´ = 0
0

+ 

Ãp
2



!
= 

Ãp
2



!
,

where

b³b´ =
³
 −b´0³ −b´³

 −b´0 (1)
³
 −b´ .

Proof of Lemma OA-6:

To show part (a), note that

−1  0
³
 −b´ = −1  0 ( −0) +−1  0

³b − 0

´
= −1  0 ( −0) +−1  0−1 

³b − 0

´
(55)

To analyze the first term on the right-hand side of expression (55) above, write

−1  0 ( −0) =
Υ0 02

(1)√


+−1  0

Now, consider case (i) where
p
2

¡
min

¢
=  (1). In this case, we have by part (c) of Lemma

OA-2 and expression (??) that

Υ0 02
(1)√


=  (1) and −1  0 = 

Ãp
2

(min )

!
,
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from which it follows that, in this case, −1  0 ( −0) =  (1). In addition, by part (b) of

Lemma S2-2, we have in this case

−1  0−1 

³b − 0

´
=  (1) ,

so that, in this case,

−1  0
³
 −b´ = −1  0 ( −0) +−1  0−1 

³b − 0

´
=  (1) + (1) =  (1)

Next, consider case (ii) where
¡
min

¢

p
2 =  (1) but

p
2

¡
min

¢2 → 0. Here, again by part

(c) of Lemma OA-2, and expression (??), we have

−1  0 ( −0) = 

Ãp
2

(min )

!

Furthermore, in this case, we also have, by using part (b) of Lemma S2-2

−1  0−1 

³b − 0

´
=

p
2

(min )
−1  0−1

min 

³b − 0

´
p
2

= 

Ãp
2

(min )

!

from which it follows that in case (ii)

−1  0
³
 −b´ = −1  0 ( −0) +−1  0−1 

³b − 0

´
= 

Ãp
2

(min )

!
+

Ãp
2

(min )

!

= 

Ãp
2

(min )

!
.

Next, consider part (b). In this case, note that

−1  0 (1)
³
 −b´

= −1  0 (1) ( −0) +−1  0 (1)
³b − 0

´
= −1  0 (1) ( −0) +−1  0 (1)−1 

³b − 0

´
(56)

The first term on the right-hand side of the expression (56) above can be written as

−1  0 (1) ( −0) = −1  0 (1) =
Υ0 02

(1)√


+−1  0 (1)
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Now, consider case (i) where
p
2

¡
min

¢
=  (1). In this case, we have by part (c) of Lemma

OA-2 and expression (11) that

Υ0 02
(1)√


=  (1) and −1  0 (1) = 

µ


(min )

¶
,

from which it follows that, in this case,

−1  0 (1) ( −0) = 

µ


(min )

¶


In addition, by part (a) of Lemma S2-2, we have in this case

−1  0 (1)−1 

³b − 0

´
= 

Ã


(min )
2

!
,

so that, in this case,

−1  0 (1)
³
 −b´

= −1  0 (1) ( −0) +−1  0 (1)−1 

³b − 0

´
= 

µ


(min )

¶
+

Ã


(min )
2

!
= 

µ


(min )

¶

Next, consider case (ii) where
¡
min

¢

p
2 =  (1) but

p
2

¡
min

¢2 → 0. Here, again by part

(c) of Lemma OA-2 and expression (11), we have

−1  0 (1) ( −0) = 

µ


(min )

¶
Furthermore, using part (a) of Lemma S2-2, we have

−1  0 (1)−1 

³b − 0

´
=

p
2

(min )
−1  0 (1)−1

¡
min

¢


³b − 0

´
p
2

= 

Ãp
2

(min )
3

!

from which it follows that in case (ii)

−1  0 (1)
³
 −b´

= −1  0 (1) ( −0) +−1  0 (1)−1 

³b − 0

´
= 

µ


(min )

¶
+

Ãp
2

(min )
3

!
= 

µ


(min )

¶
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Combining the results for cases (i) and (ii), we have

−1  0 (1)
³
 −b´ = 

µ


(min )

¶
Consider now part (c). Write³

 −b´0³ −b´p
2

=

h
 −0 −

³b − 0

´i0

h
 −0 −

³b − 0

´i
p
2

=
( −0)

0 ( −0)p
2

− 2
( −0)

0
³b − 0

´
p
2

+

³b − 0

´0
 0

³b − 0

´
p
2

=
( −0)

0 ( −0)p
2

− 2 ( −0)
0−1



³b − 0

´
p
2

+
³b − 0

´0


−1  0−1p
2



³b − 0

´
Note first that

( −0)
0 ( −0)p
2

=
(1

√
++ )

0
 (1

√
++ )p

2

=
0p
2



and

( −0)
0−1

=
¡
1

√
++ 

¢0

¡
1Θ

√
+ 2Υ

√
+Ξ+ 

¢
−1

=
0 (1)2Υ√


+ 0−1

Now, consider case (i) where
p
2

¡
min

¢
=  (1). In this case, we have by part (c) of Lemma

OA-2 and expression (??) that

0 (1)2Υ√


=  (1) and 0−1 = 

Ãp
2

(min )

!
,
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so that ( −0)
0−1 =  (1) and, thus,

( −0)
0−1



³b − 0

´
p
2

= 

Ã
1p
2

!
=  (1)

In addition, by part (b) of Lemma S2-2, we have in this case³b − 0

´0


−1  0−1p
2



³b − 0

´
=

1p
2

³b − 0

´0


−1
  0−1 

³b − 0

´
= 

Ã
1p
2

!
=  (1) ,

from which it follows that³
 −b´0³ −b´p

2

=
0p
2

+

Ã
1p
2

!
+

Ã
1p
2

!

=
0p
2

+  (1) 

Next, consider case (ii) where
¡
min

¢

p
2 =  (1) but

p
2

¡
min

¢2 → 0. Here, again by part

(c) of Lemma OA-2, and expression (??), we have

( −0)
0−1 = 

Ãp
2

(min )

!

so that

( −0)
0−1



³b − 0

´
p
2

=
1

(min )
( −0)

0−1

¡
min

¢


³b − 0

´
p
2

= 

µ
1

(min )

¶


Ãp
2

(min )

!
 (1) = 

Ãp
2

(min )
2

!
=  (1) 
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Furthermore, in this case,³b − 0

´0


−1  0−1p
2



³b − 0

´

=

p
2

(min )
2

⎡⎢⎣
¡
min

¢ ³b − 0

´0
p

2

−1  0−1

¡
min

¢


³b − 0

´
p
2

⎤⎥⎦
= 

Ãp
2

(min )
2

!
=  (1)

from which it follows that in case (ii)³
 −b´0³ −b´p

2

=
0p
2

+

Ãp
2

(min )
2

!
+

Ãp
2

(min )
2

!

=
0p
2

+  (1) .

Combining the results for cases (i) and (ii), we have³
 −b´0³ −b´p

2

=
0p
2

+  (1) .

where 0
p
2 =  (1) by Lemma OA-3.

Turning our attention to part (d), note that³
 −b´0 (1)

³
 −b´



=

h
 −0 −

³b − 0

´i0
 (1)

h
 −0 −

³b − 0

´i


=
( −0)

0 (1) ( −0)


− 2

( −0)
0 (1)

³b − 0

´


+

³b − 0

´0
 0 (1)

³b − 0

´


=
( −0)

0 (1) ( −0)


− 2( −0)

0 (1)−1




³b − 0

´
+
³b − 0

´0


−1  0 (1)−1




³b − 0

´


Making use of the arguement used to derive expression (54) in the proof of Lemma OA-5, we see
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that
( −0)

0 (1) ( −0)


=

0 (1)


=

0


+

µ
1



¶
.

Moreover, we can write

( −0)
0 (1)−1

=
¡
1

√
++ 

¢0
 (1)

¡
1Θ

√
+ 2Υ

√
+Ξ+ 

¢
−1

=
0 (1)2Υ√


+ 0 (1)−1

Now, consider case (i) where
p
2

¡
min

¢
=  (1). In this case, we have by part (c) of Lemma

OA-2 and expression (11) that

0 (1)2Υ√


=  (1) and 0 (1)−1 = 

µ


(min )

¶
,

so that ( −0)
0 (1)−1 = 

¡

¡
min

¢¢
and, thus,

( −0)
0 (1)−1




³b − 0

´
= 

µ
1

(min )

¶
 (1)

= 

µ
1

(min )

¶
In addition, by part (a) of Lemma S2-2, we have in this case

³b − 0

´0


−1  0 (1)−1




³b − 0

´
=  (1)

Ã
1

(min )
2

!
 (1) = 

Ã
1

(min )
2

!
=  (1) ,

from which it follows that³
 −b´0 (1)

³
 −b´



=
0


+

µ
1



¶
+

µ
1

(min )

¶
+

Ã
1

(min )
2

!

=
0


+  (1) .

Next, consider case (ii) where
¡
min

¢

p
2 =  (1) but

p
2

¡
min

¢2 → 0. Here, again by part

(c) of Lemma OA-2 and expression (11); we have

( −0)
0 (1)−1


= 

µ
1

(min )

¶
=  (1)
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so that

( −0)
0 (1)−1




³b − 0

´
=

p
2

(min )

( −0)
0 (1)−1


¡
min

¢


³b − 0

´
p
2

= 

Ãp
2

(min )

!


µ
1

(min )

¶
 (1) = 

Ãp
2

(min )
2

!
=  (1) 

Furthermore, in this case,³b − 0

´0


−1  0 (1)−1




³b − 0

´
=

2

(min )
2

¡
min

¢ ³b − 0

´0
p

2

−1  0 (1)−1


¡
min

¢


³b − 0

´
p
2

= 

Ã
2

(min )
2

!
 (1)

Ã
1

(min )
2

!
 (1) = 

Ã
2

(min )
4

!
=  (1)

from which it follows that in case (ii)³
 −b´0 (1)

³
 −b´


=

0


+

µ
1



¶
+

Ãp
2

(min )
2

!
+

Ã
2

(min )
4

!

=
0


+  (1)

Combining the results for cases (i) and (ii), we have³
 −b´0 (1)

³
 −b´


=

0


+  (1) .

where 0 =  (1) and 
0  0 w.p.a.1. were both shown in the proof of Lemma OA-5.
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Finally, to show part (e), we apply the results of parts (c) and (d) above to obtain

b³b´
=

³
 −b´0³ −b´³

 −b´0 (1)
³
 −b´

=

p
2



³
 −b´0³ −b´ p2³
 −b´0 (1)

³
 −b´ 

=

p
2



0
p
2 +  (1)

0+  (1)

=

p
2



"
0

p
2

0
+  (1)

# µ
since

0


 0 w.p.a.1

¶

=
0
0

+ 

Ãp
2



!
= 

Ãp
2



!

given that 0
p
2 =  (1) and 0  0 w.p.a.1. ¤

Lemma OA-7: (Decoupling Inequality) For natural number  ≥ , let {}=1 be  in-

dependent random variables taking on values in a measurable space (S), and let
n

()


o
=1

 = 1  be  independent copies of this sequence. Let  be a separable Banach space and for

each (1  ∗) ∈ 
∗
 , where

∗ = {(1  ∗) :  ∈ N, 1 ≤  ≤ ,  6=  if  6= } ,

let 1 : 
 7−→  be a measurable functions such that  (k1 (1  )k)  ∞. Let

Φ : [0∞) −→ [0∞) be a convex nondecreasing function such that Φ (k1 (1  )k) 
∞ for all (1  ) ∈  . Then,

Φ

⎛⎝°°°°°°
X


1 (1  )

°°°°°°
⎞⎠ ≤ Φ

⎛⎝

°°°°°°
X


1 (1  )

°°°°°°
⎞⎠ (57)

where  = 2

£
 − 1¤ h(− 1)(−1) − 1i× · · · × 3.

Lemma OA-7 gives the inequality result stated in the first half of Theorem 3.1.1 of de la Peña

and Giné (1999). Theorem 3.1.1 also gives a reverse inequality under some additional symmetry

conditions on the kernel 1 which we will not give here, since we will not be using the reverse

inequality any of the results stated below. Proof of a more general decoupling inequality which

contains the inequality given in expression (57) as a special case is provided in de la Peña (1992).

See Theorem 2 of de la Peña (1992).

Lemma OA-8:
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Let ( ◦ ) = 
³
2
(11)

  2
()

´
. Under Assumptions 2, 5, and 6; the following statements

hold.

(a)

Υ0 02
⊥ ( ◦ )⊥2Υ


− Υ

0 02
⊥2

⊥2Υ


= 

Ãr
2



!
,

where 2 = 
³

h
2
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|F


i
  

h
2
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|F


i´
.

(b)

Υ0 02 ( ◦ )2Υ


− Υ
0 02

(1)2
(1)2Υ


= 

Ãr
2



!
=  (1) .

Proof of Lemma OA-8:

To show part (a), let   ∈ R such that kk2 = kk2 = 1, and note that we can write

0Υ0 02
⊥ ( ◦ )⊥2Υ
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Now, making use of the CS inequality as well as Assumptions 2(i), 3(iii) and 5; we obtain
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µ
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Hence, there exists a constant  ∞ such that for all  sufficiently large



"


2

µ
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It follows from the Markov’s inequality that for any   0,
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2
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2
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!
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Since the above result holds for all   ∈ R such that kk2 = kk2 = 1, we further deduce that
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Next, consider part (b). Using the fact that  = ⊥− () () and that ()2 = 0

78



and applying the result of part (a) above, we obtain

Υ0 02 ( ◦ )2Υ


− Υ
0 02

(1)2
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Next, note that
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where the last equality follows from the fact thath
⊥ − (1)

i
2 =

h
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³
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= − ()2

= 0.
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It follows from expression (58) that
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as required. ¤

Lemma OA-9:

Suppose that Assumptions 1-6 are satisfied. Then,

(a)
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(b)
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Proof of Lemma OA-9:

To show part (a), let   ∈ R such that kk2 = kk2 = 1, and define () = 0−1 () and
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() = 0−1 (). Note that
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Focusing on the first term in expression (59) above, we apply the CS inequality, parts (b) and

81



(c) of Lemma S2-1, and Assumptions 2(i) and 3(ii) to obtain
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Hence, there exists a constant  ∞ such that for all  sufficiently large
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Turning our attention to the second term in expression (59), we first define () = 2
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. Note that by the decoupling inequality given in Lemma OA-7, there exist finite
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for ( ) = 1 . By applying

Assumptions 2(i), 3(ii), and 5 as well as parts (a) and (b) of Lemma OA-1, we can estimate the
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(almost sure) order of magnitude of the first term on the right-hand side of (61) as follows
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By applying Assumptions 2(i) and 3(ii) as well as part (c) of Lemma S2-1, we can also derive the

(almost sure) order of magnitude for the second and the third terms of (61) as follows
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These results imply that
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It follows from the Markov’s inequality that for any   0,

Pr

⎛⎜⎜⎝
¡
min

¢2p
2

¯̄̄̄
¯̄̄̄ X
()=1

X
()()=1

()6={()()}()6=()

()()()()
2
()()()

¯̄̄̄
¯̄̄̄ ≥

s




⎞⎟⎟⎠

= Pr

⎧⎪⎪⎨⎪⎪⎩
¡
min

¢4
2

⎛⎜⎜⎝ X
()=1

X
()()=1

()6={()()}()6=()

()()()()
2
()()()

⎞⎟⎟⎠
2

≥ 



⎫⎪⎪⎬⎪⎪⎭
≤ 




⎡⎢⎢⎣
¡
min

¢4
2

⎛⎜⎜⎝ X
()=1

X
()()=1

()6={()()}()6=()

()()()()
2
()()()

⎞⎟⎟⎠
2⎤⎥⎥⎦ ≤ 

for all  sufficiently large, which shows that

X
()=1

X
()()=1

()6={()()}()6=()

()()()()
2
()()() = 

Ãp
2

(min )
2

!
(62)

Now, (60) and (62) together imply that
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Finally, since the above argument holds for all ,  ∈ R such that kk2 = kk2 = 1, we obtain the
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desired result
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To show part (b), again let ,  ∈ R such that kk2 = kk2 = 1 and define () = 0−1 ()
and  = −1 . We can apply Loève’s  inequality to obtain



⎡⎣Ã0Υ0 02 ( ◦ )−1 √


!2
|F



⎤⎦
=

1




⎡⎣⎛⎝ X
()()=1

X
()6={()()}

()()()()
0Υ02()

2
()()

⎞⎠2 |F


⎤⎦
≤ 2




⎡⎣⎛⎝ X
()()=1

X
()6={()()}

()()()()
0Υ02()

h
2()|F



i
()

⎞⎠2 |F


⎤⎦
+
2




⎡⎣⎛⎝ X
()()=1

X
()6={()()}

()()()()
0Υ02()

n
2() −

h
2()|F



io
()

⎞⎠2 |F


⎤⎦
=

2



h¡
0Υ0 022

¢2 |F


i
+
2




⎡⎣⎛⎝ X
()()=1

X
()6={()()}

()()()()
0Υ02()()()

⎞⎠2

|F


⎤⎦ (63)

where () = 2
()
− 

h
2
()
|F



i
. Focusing on the first term of expression (63) above, we can
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apply Assumptions 2(i), 3(ii), and 3(iii) as well as part (b) of Lemma OA-1 to obtain
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Turning our attention now to the second term of (63), note that we can apply the inequality

| | ≤ (12)2 + (12) 2, Assumptions 1, 2(i), and 3(iii) as well as part (c) of Lemma S2-1 to
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It follows from these results that
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Now, by the conditional version of the Markov’s inequality, we deduce that, for any   0,
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Finally, since the above result holds for all   ∈ R such that kk2 = kk2 = 1, we further deduce
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Lemma OA-10:

Under Assumptions 5 and 6, the following statements are true.
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It follows from applying parts (a) and (b) of Lemma OA-1 that
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It follows that
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It follows from the triangle inequality, the result given in part (a) above, parts (b) and (c) of Lemma

S2-1, and the symmetry of  that
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Finally, for part (c), we take
n
()

o
to be a double-indexed sequence of  random variables

with mean 0 and variance 1 and where () and  are independent for all ( ) and . Define the
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and
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Since ∆1 = ∆2 +∆3, it follows from part (b) of this lemma and the results given above that
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Moreover, note that X
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so that, by making use of the triangle inequality, Loève’s  inequality, and the symmetry of ; we
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Lemma OA-11:

Let  be the lower triangular matrix such that ()() = ()()I {( )  ( )}. Then,
under Assumptions 5-6, °°0°°


= 

³p
2

´
,

where k·k denotes the Frobenius norm, i.e., kk = [ (0)]12.

Proof of Lemma OA-11:
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By parts (b) and (c) of Lemma S2-1 and part (c) of Lemma OA-10, we have°°0°°2
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from which the required result follows. ¤
Lemma OA-12:

Under Assumptions 1-6, the following statements are true.

(a)

Υ0 022Υ


=
Υ0 02

(1)2Υ


=  (1)

(b)

−1  0−1 =  (1)

(c)

Υ0 02
−1
√


=  (1) 

−1  02Υ√


=  (1) 

Proof of Lemma OA-12:
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To show part (a), note that, by making use of the fact that  ()2 = 0, we have
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Moreover, part (iii) of Assumption 3 implies that
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where we take  ≤  for two square matrices  and  to mean that − is negative semi-definite,
or, alternatively,  − is positive semidefinite. It follows immediately that
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=
Υ0 02
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as required.

To show part (b), note that, for ,  ∈ R such that kk2 = kk2 = 1, we write
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0
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X
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()()()()

where () = 0−1 () and () = 0−1 (). Next, making use of the CS inequality, part

103



(a) of Lemma S2-1, and Assumptions 1, 2(i), 3(ii), and 5; we get
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It follows from the conditional version of the Markov’s inequality that for any   0
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0−1  0−1 
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≥ |F



¢→ 0 

Moreover, note that
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∞

Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley
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(1986), it follows that as →∞
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Since the above result holds for all ,  ∈ R such that kk2 = kk2 = 1, we further deduce that
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as required.

To show part (c), again, let () = ()
−1
 . Note again that, by making use of the

conditional serial independence assumption in Assumption 1, we have
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Next, by note that
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It further follows from the conditional version of the Markov’s inequality that for any   0
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Since the above result holds for all ,  ∈ R such that kk2 = kk2 = 1, we further deduce that

Υ0 02
−1
√


=  (1) 

106



Moreover, it follows immediately that
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as required. ¤
Lemma OA-13: Let  = ⊥ − () (). Then, under Assumptions 2-6, the following

result holds as 2, →∞.
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Proof of Lemma OA-13:

To proceed, we apply the inequality | | ≤ (12)2+(12) 2 as well as the result given part

(b) of Lemma S2-1 to obtain
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Lemma OA-14: Suppose that Assumptions 1, 2, 5, and 6 are satisfied. Then, the following

statements are true.
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µ
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¶
,
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Proof of Lemma OA-14:
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Now, applying part (f) of Lemma S2-1 as well as Assumptions 2(i), 5, and 6; we obtain
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where the (almost sure) order of magnitude above is calculated using Lemma OA-13 and Assump-

tions 2(i), 5, and 6. Moreover, a further application of the decoupling inequality given in Lemma

OA-7 shows that there exists a finite constant 2, whose explicit form is given in Lemma OA-7,
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where the (almost sure) order of magnitude above is calculated using part (e) of Lemma S2-1 and

Assumptions 2(i), 5, and 6. It follows that
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,
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so that, by the triangle inequality, the conditional version of Liapunov’s inequality, and Assumption

5(ii), we further obtain
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To show part (b), note that since  is symmetric, so that ()() = ()(), it follows that

A12 = A13. Hence, using the same argument as that given for part (a) above, we can show that
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µ
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Turning our attention to part (c), note that, in this case, we can write
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Now, by the triangle inequality, part (f) of Lemma S2-1, and Assumptions 2(i), 5, and 6; we have
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In addition, by the decoupling inequality given in Lemma OA-7, there exists a finite constant 4,

whose explicit form is given in Lemma OA-7, and independent copies
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of the sequence
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where the (almost sure) order of magnitude above is calculated using Lemma OA-13 and Assump-

tions 2(i), 5, and 6. By the triangle inequality, the conditional version of Liapunov’s inequality,
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and Assumption 5(ii); we then obtain


£|A14| |F



¤ ≤ 
£|A141| |F



¤
+

£|A142| |F


¤
≤ 

£|A141| |F


¤
+

r

h
A2142|F



i
= 

µ
2



¶
+

Ãp
2



!
= 

µ
2



¶
=  (1) .

Hence, there exists a constant  ∞ such that for all  sufficiently large



∙


2
|A14|

¸
= 

µ


2

£|A14| |F



¤¶ ≤ .

It follows from the Markov’s inequality that for any   0,

Pr

µ¯̄̄̄


2
A14

¯̄̄̄
≥ 



¶
≤ 



2

 [|A14|]


≤ 

for all  sufficiently large, which shows that

A14 = 

µ
2



¶
 (66)

Finally to show part (d), note that we can decompose A1 as
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and where A12, A13, and A14 are as defined in parts (a)-(c) above. We will first show that

A11 = 0. To proceed, note first that it is easily seen that  ◦ is a block diagonal matrix,

which can be written as
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where the inverse exists in light of Assumption 6. Hence,  can also be written in block diagonal
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Let () be an × 1 elementary vector whose ( ) component is one and all other components
are zero, and let  be a × 1 elementary vector, whose  component equals one and all other
components equal to zero. Using these notations, one can show by direct calculation that, for any
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Combining (67) with the results obtained in expressions (64)-(66) above and making use of As-

sumption 5(ii), we further obtain
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Lemma OA-15: Let Assumptions 1-6 be satisfied, and let
nbo be a sequence of estimators such

that °°°b − 0

°°°
2

→ 0 as →∞,

as long as
p
2

¡
min

¢2 → 0. Then, the following statements are true.
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Proof of Lemma OA-15:

To show part (a), we first apply the triangle inequality and the inequality | | ≤ (12)2 +
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Clearly A211 ≥ 0 and A212 ≥ 0. Next, note that we can apply Assumptions 1, 2(i), 5, and 6 as
well as part (a) of Lemma S2-1 to obtain
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In the same way, we can also show that 
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To show part (b), we again apply the triangle inequality and the inequality | | ≤ (12)2+
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Note that A221 is the same as A211 above, so from expression (68), we get

0 ≤ 
£A221|F



¤
= 

µ




¶
.
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Next, making use of the decomposition () =−⊥ , with ⊥ =
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 0,
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Applying the inequality given in expression (71) above, we further obtain
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Applying part (a) of Lemma S2-1 and Assumptions 2(i), 5, and 6; we get
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In addition, for 
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the triangle inequality,
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Applying the CS inequality to (72) and making use of part (a) of Lemma S2-1 as well as Assumptions
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2(i), 5, and 6; we then obtain
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It follows from these calculations that
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Application of the Markov’s inequality then implies that, for any   0,
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Combining the results on A221 and A222, we have
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Next, to show part (c), note that since  is symmetric, so that ()() = ()(), it follows

that A22 = A23. Hence, using the same argument as that given for part (b) above, we can show
that
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Turning our attention to part (d), note that, applying the triangle inequality and the inequality
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where
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Note that both A241 and A242 are of the same form as A222, so that the result given in expression
(73) allows us to deduce that

A241 =  (1) and A242 =  (1) 

from which it further follows that
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where A21, A22, A23, and A24 are as defined in parts (a)-(d) above. It follows from the results
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given in expressions (69), (74), (75), and (76) that
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Proof of Lemma OA-16:

To show part (a), note that, by applying part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5,
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and 6; we have
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To show part (b), first let  denote a  × 1 elementary vector whose  component equals
one for  ∈ {1  } and whose other components all equal to zero. Using the fact that

 () = − ⊥ ,
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we can apply the inequality
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Making use of part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5, and 6; we obtain
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Finally, applying part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5, and 6; we get
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Next, to show part (c), note that since  is symmetric, so that ()() = ()(), it follows

that A32 = A33. Hence, using the same argument as that given for part (b) above, we can show
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Turning our attention to part (d), we apply the inequality | | ≤ (12)2+(12) 2 to obtain
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Focusing first on A341, note that by applying the inequality
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following an argument similar to that given for A32 above, we have
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Applying the triangle inequality, part (a) of Lemma S2-1, as well as Assumptions 2(i), 5, and 6; we
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Moreover, by applying part (a) of Lemma S2-1 as well as Assumptions 1, 2(i), 5, and 6; we have
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In the same way, we can also show that A342 =  (1), from which it further follows that
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Finally, consider part (e). Making use of the triangle inequality and the inequality
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Lemma OA-17: Let Assumptions 1-6 be satisfied, and let
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Proof of Lemma OA-17:
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Consider first A411. Applying the triangle inequality, part (f) of Lemma S2-1, and Assumptions
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2(i), 5, and 6; we obtain
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Next, consider A411. Here, by applying the triangle inequality, parts (f) and (g) of Lemma S2-1,
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and Assumptions 1, 2(i), 5, and 6; we get
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Now, consider A413. In this case, we can apply the triangle inequality, part (a) of Lemma S2-1,
and Assumptions 2(i), 5, and 6 to get
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Turning our attention to A414, note that, by applying the triangle inequality, part (a) of Lemma
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S2-1, and Assumptions 2(i), 5, and 6; we obtain
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In this case, note that, by applying the triangle and Jensen’s inequalites, parts (a) and (e) of Lemma
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S2-1, and Assumptions 1, 2(i), 5, and 6; we obtain
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It follows from these calculations and from Liapunov’s inequality that
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Hence, there exists a constant  ∞ such that for all  sufficiently large
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Turning our attention to part (b), note that, here, we can apply the triangle and CS inequalities
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and the inequality | | ≤ (12)2 + (12) 2 to obtain
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Next, observe that
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Considering first A4211. Applying part (a) of Lemma S2-1 and Assumptions 2(i), 5, and 6; we get
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In addition, for 
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, we have, by straightforward calculations using Assumption 1 and

156



the triangle inequality,
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Applying the CS inequality to (85) and making use of part (a) of Lemma S2-1 as well as Assumptions
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2(i), 5, and 6; we then obtain
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It follows from these calculations that
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In addition, applying the triangle inequality, part (a) of Lemma S2-1, as well as Assumptions
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2(i), 5, and 6; we obtain
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It follows from expressions (84)-(87) that
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Finally, for part (c), note that we can write
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Lemma OA-18: Let Assumptions 1-6 be satisfied, and let
nbo be a sequence of estimators such

that °°°b − 0

°°°
2

→ 0 as →∞,

as long as
p
2

¡
min

¢2 → 0. Then, the following statements are true.

(a)

A51 = 

µ




¶
=  (1) ,

where

A51 = 2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ X
=1

¯̄
()()

¯̄ ³
0()

⊥
´2 ³

0()

´2
.

160



(b)

A52 =  (1) ,

where

A52 =
2

2

X
()()=1
()6=()

2()()

(
X
=1

¯̄
()()

¯̄
0()

() 0 ()()

×
X
=1

¯̄
()()

¯̄ ³
0()


´2⎫⎬⎭

(c)

A5 =  (1) ,

where

A5 =
1

2

X
()()=1
()6=()

2()()

(
X
=1

()()

³
0()

⊥+ 0()
()

hb − 0

i´2

×
X
=1

()()

³
0()


´2⎫⎬⎭

Proof of Lemma OA-18:

To show part (a), note that A51 is of the same form as A211, so from expression (68), we have
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For part (b), note thatA52 is of the same form as A222, so that by expression (73), we have
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that
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Finally, onsider part (c). Applying the triangle inequality and the inequality
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where A51 and A52 are as defined in parts (a) and (b) above. In light of the upper bound given
by (92), it then follows from expressions (90) and (91) that

|A5| ≤ A51 +
°°°b − 0

°°°2
2
A52 = 

µ




¶
+  (1) (1) =  (1) . ¤ (93)

Lemma OA-19: Let Assumptions 1-6 be satisfied, and let
nbo be a sequence of estimators such

that °°°b − 0

°°°
2

→ 0 as →∞,

as long as
p
2

¡
min

¢2 → 0. Then, the following statements are true.

(a)

A61 = 

µ




¶
=  (1) ,
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where

A61 =
1

2

X
()()=1
()6=()

2()()

(
X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

³b − 0

´i2

×
X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

hb − 0

ii2⎫⎬⎭
(b)

A62 =  (1) ,

where

A62 =
1

2

X
()()=1
()6=()

2()()

(
X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

³b − 0

´i2

×
X
=1

¯̄
()()

¯̄ ³
0()


´2⎫⎬⎭

(c)

A6 =  (1) ,

where

A6 = − 2

2

X
()()=1
()6=()

2()()

(
X
=1

()()

³
0()

⊥+ 0()
()

hb − 0

i´2

×
X
=1

()()

³
0()

⊥+ 0()
()

hb − 0

i´³
0()


´⎫⎬⎭

Proof of Lemma OA-19:

To show part (a), note thatA61 has the same form as the term which we used to get an initial

bound on A3. See, in particular, the first inequality in expression (81). Hence, it follows from
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expression (82) that

A61

=
1

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

³b − 0

´i2

×
X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

hb − 0

ii2
≤ A31 +

°°°b − 0

°°°2
2
A32 +

°°°b − 0

°°°2
2
A33 +

°°°b − 0

°°°4
2
A34

=  (1)  (94)

Next, for part (b), note that we can apply the inequality
¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| to
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obtain

0 ≤ A62

≤ 2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ ³
0()

⊥
´2 X

=1

¯̄
()()

¯̄ ³
0()


´2

+
2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ X
=1

¯̄
()()

¯̄ ³
0()


´2

× 0()
()

³b − 0

´³b − 0

´0
 0 ()()

≤ 2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ ³
0()

⊥
´2 X

=1

¯̄
()()

¯̄ ³
0()


´2

+
°°°b − 0

°°°2
2

2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ X
=1

¯̄
()()

¯̄ ³
0()


´2

× 0()
() 0 ()()

=
2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ ³
0()

⊥
´2 X

=1

¯̄
()()

¯̄ ³
0()


´2

+
°°°b − 0

°°°2
2

2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ X
=1

¯̄
()()

¯̄ ³
0()


´2

× 0()
() 0 ()()

= A621 +
°°°b − 0

°°°2
2
A622,

where

A621 =
2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ ³
0()

⊥
´2 X

=1

¯̄
()()

¯̄ ³
0()


´2
,

A622 =
2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄

×
X
=1

¯̄
()()

¯̄ ³
0()


´2

0()
() 0 ()().
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Note that A621 is of the same form as A221 and A622 is of the same form as A222, so that from
expressions (70) and (73), we get

A621 = 

µ




¶
=  (1) , A622 =  (1) ,

from which it follows that

0 ≤ A62 ≤ A621 +
°°°b − 0

°°°2
2
A622 = 

µ




¶
+  (1) (1) =  (1) . (95)

Finally, to show part (c), note that, by applying the triangle inequality and the inequality

| | ≤ (12)2 + (12) 2 in this case, we obtain

|A6| ≤ 2

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

³b − 0

´i2

×
X
=1

¯̄
()()

¯̄ ¯̄̄³
0()

⊥+ 0()
()

hb − 0

i´³
0()


´¯̄̄

≤ 1

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

³b − 0

´i2

×
X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

hb − 0

ii2
+

1

2

X
()()=1
()6=()

2()()

X
=1

¯̄
()()

¯̄ h
0()

⊥+ 0()
()

³b − 0

´i2

×
X
=1

¯̄
()()

¯̄ ³
0()


´2

= A61 +A62, (96)

where A61 and A62 are as defined in parts (a) and (b) above. In light of the upper bound for |A6|
given in (96), it then follows from expressions (94) and (95) that

|A6| ≤ A61 +A62 =  (1) +  (1) =  (1) . ¤ (97)

The next lemma provides more primitive sufficient conditions for part (iv) of Asssumpton 5 in

the main paper. To facilitate the statement and proof of this lemma, we introduce a number of

additional notations. Let 1· and 1() denote, respectively, the  column and the (( )  )


element of of 1 for ( ) = 1  and  = 1 1. Similarly, let 2· and 2() denote,

respectively, the  column and the (( )  ) element of of 2 for ( ) = 1  and  =
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1 2. Finally, let e2() = 0
()

⊥1 2·, where ⊥1 =1
¡
 01

1
¢−1

 01
.

Lemma OA-20:

(a) Assume the following conditions hold:

(a1) There exists a positive constant  such that

min

µ
 01

1



¶
≥   0  for all  sufficiently large.

(a2)

max
1≤()≤

⎛⎝ 1

1

1X
=1

21()

⎞⎠ =  (1)

Under conditions (a1) and (a2),

max
1≤()≤


⊥1
()()

= 

µ
1



¶
,

where 
⊥1
()()

is the (( )  ( )) of the projection matrix ⊥1 .

(b) Assume the following conditions hold:

(b1) There exists a positive constant  such that

min

Ã
 02

(1)2



!
≥   0  for all  sufficiently large.

(b2)

max
1≤()≤

⎛⎝ 1

2

2X
=1

22()

⎞⎠ =  (1) .

(b3)

max
1≤()≤

⎛⎝ 1

2

2X
=1

e22()
⎞⎠ =  (1) .

Under conditions (b1)-(b3,

max
1≤()≤

⊥()() = 

µ
2



¶
,

where ⊥
()()

is the (( )  ( )) of the projection matrix ⊥ = (1)2
¡
 02

(1)2
¢−1

 02
(1).
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Proof of Lemma OA-20:

To show part (a), . Note that

0 ≤ max
1≤()≤


⊥1
()()

= max
1≤()≤

0()
1

¡
 01

1
¢−1

 01
()

=
1


max

1≤()≤

0()
1

µ
 01

1



¶−1
 01

()

≤ 1

min (
0
1

1)

1


max

1≤()≤

0()
1

0
1

()

≤ 1



1


max

1≤()≤

⎧⎨⎩
1X
=1

0()
1· 01·

()

⎫⎬⎭
=

1



1


max

1≤()≤

1X
=1

³
0()

1·
´2

=
1



1


max

1≤()≤

1X
=1

µ
1() − −1

X

=1
1()

¶2

≤ 2



1


max

1≤()≤

⎡⎣1X
=1

21() +

1X
=1

Ã
1



X
=1

1()

!2⎤⎦
Ã
by applying the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤ −1
X
=1

|| for  ≥ 1
!

≤ 2



1


max

1≤()≤

⎡⎣1X
=1

21() +

1X
=1

1



X
=1

21()

⎤⎦ (by Jensen’s inequality)

Hence, by multiplying and dividing the majorant side of the above expression by 1 and making

use of the assumption that

max
1≤()≤

⎛⎝ 1

1

1X
=1

21()

⎞⎠ =  (1) ;
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we obtain

max
1≤()≤


⊥1
()()

≤ 2



1


max

1≤()≤

⎡⎣ 1

1

1X
=1

21() +
1



X
=1

⎛⎝ 1

1

1X
=1

21()

⎞⎠⎤⎦
≤ 2



1



⎡⎣ max
1≤()≤

⎛⎝ 1

1

1X
=1

21()

⎞⎠+ 1



X
=1

max
1≤()≤

⎛⎝ 1

1

1X
=1

21()

⎞⎠⎤⎦
= 

µ
1



¶
= 

µ
1



¶
given that  ∼ .

To show part (b), note that

0 ≤ max
1≤()≤

⊥()()

= max
1≤()≤

0()
(1)2

³
 02

(1)2

´−1
 02

(1)()

=
1


max

1≤()≤

0()
(1)2

Ã
 02

(1)2



!−1
 02

(1)()

≤ 1

min
¡
 02 (1)2

¢ 1


max
1≤()≤

0()
(1)2

0
2

(1)()

≤ 1



1


max

1≤()≤

0()
(1)2

0
2

(1)()

Next, observe that

0()
(1)2

0
2

(1)()

= 0()
h
 − ⊥1

i
2

0
2

h
 − ⊥1

i
()

= 0()
2

0
2

() − 20()⊥1 2
0
2

() + 0()
⊥1 2

0
2

⊥1 ()

≤ 20()
2

0
2

() + 2
0
()

⊥1 2
0
2

⊥1 ()Ã
by applying the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤ −1
X
=1

|| for  ≥ 1
!

169



where ⊥1 =1
¡
 01

1
¢−1

 01
. It follows that we can write

0 ≤ max
1≤()≤

⊥()()

≤ 2



1


max

1≤()≤

n
0()

2
0
2

() + 0()
⊥1 2

0
2

⊥1 ()

o
≤ 2



1


max

1≤()≤

⎧⎨⎩
2X
=1

0()
2· 02·

() +

2X
=1

0()
⊥1 2· 02·

⊥1 ()

⎫⎬⎭
=
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1
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1≤()≤

⎧⎨⎩
2X
=1

³
0()

2·
´2
+

2X
=1

³
0()

⊥1 2·
´2⎫⎬⎭

=
1



1


max

1≤()≤

2X
=1

µ
2() − −1

X

=1
2()

¶2
+

2X
=1

e22()
≤ 2



1


max

1≤()≤

⎡⎣1X
=1

22() +

2X
=1

Ã
1



X
=1

2()

!2
+

2X
=1

e22()
⎤⎦

Ã
by applyng the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤ −1
X
=1

|| for  ≥ 1
!

≤ 2



1


max

1≤()≤

⎡⎣1X
=1

21() +

1X
=1

1



X
=1

21() +

2X
=1

e22()
⎤⎦ (by Jensen’s inequality)

Hence, by multiplying and dividing the majorant side of the above expression by 2 and making

use of the assumptions that

max
1≤()≤

⎛⎝ 1

2

2X
=1

22()

⎞⎠ =  (1) and max
1≤()≤

⎛⎝ 1

2

2X
=1

e22()
⎞⎠ =  (1) ;
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we obtain

max
1≤()≤


⊥1
()()

≤ 2



2


max

1≤()≤

⎡⎣ 1

2

2X
=1

22() +
1



X
=1

⎛⎝ 1

2

2X
=1

22()

⎞⎠+ 1

2

2X
=1

e22()
⎤⎦

≤ 2



2



⎡⎣ max
1≤()≤

⎛⎝ 1

2

2X
=1

22()

⎞⎠+ 1



X
=1

max
1≤()≤

⎛⎝ 1

1

2X
=1

22()

⎞⎠
+ max
1≤()≤

⎛⎝ 1

2

2X
=1

e22()
⎞⎠⎤⎦

= 

µ
2



¶
= 

µ
2



¶
given that  ∼ . ¤

Section 4: Additional Monte Carlo Results

This section reports some additional Monte Carlo results which complement those presented in

the main paper. Whereas the class of DGPs which generated the Monte Carlo results in the

main paper concerns weakly identified situations where the instruments are all relevant but have

uniformly small coefficients; the Monte Carlo design presented here considers a more heterogeneous

case where there is one weak but relevant instrument while all other instruments used in estimation

are completely irrelevant. More precisely, the Monte Carlo results reported here are based on the

following data generating process:

DGP*:

() = 
1×1

()
1×1

+ 0
1×10

1()
10×1

+  + (),

() = Φ0
1×10

1()
10×1

+ 
1×1

21()
1×1

+  + ().

Here, we specify  = 10 and Φ = 10, with 10 being a 10 × 1 vector of ones; and we choose
the scalar parameter  so that the concentration parameter 2 = 25 35 45 and 55. The ( )

observation of the vector of instruments used in estimation is taken to be the2×1 vector 2() =¡
21() 22() · · · 22()

¢0
, where

©
2()

ª600
()=1

≡  (0 2
); and we consider two

choices of 2: 2 = 10 30. On the other hand, the ( ) observation of the vector of included

exogenous regressors, or covariates, is specified to be

1() =
³
1() 2

1()
3
1()

4
1()

1()()1 · · · 1()()6

´0
, where

©
1()

ª600
()=1

≡
 (0 1) and () ∈ {0 1} for  ∈ {1 2  6} is a binary variable such that Pr

¡
() = 1

¢
=

12 with
©
()

ª
taken to be independent across both ( ) and . Moreover, in our experi-

ments, we set  = 200 and  = 3 for each  ∈ {1 2  200}, so that  = 600. We also take
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©
()

ª600
()=1

≡  (0 1), {}200=1  (0 1), and {}200=1  (0 1); and 1(), (),

2(), (),  and  are all specified to be independent of each other. We allow the structural

disturbance, () to exhibit conditional heteroskedasticity in a manner similar to the design given

in Hausman et al (2012) and in our main paper. In particular, we let

() = () +

s
1− 2

2 + (086)2

¡
1() + 0862()

¢
 (98)

where 1()|1() 21() ∼ 
³
0 

h
1 +

¡
0101() + 21()

¢2i´
and 2() ∼  (0 1). Both of

these distributions are specified to be independent across the index ( ), and  is a normalization

constant chosen so that the unconditional variance,  
¡
1()

¢
, is equal to 1. For all experiments

reported below, we set  = 03 and we choose the parameter , so that the R-squared for the

regression of 2 on the instruments and the included exogenous variables take the values 0, 01, and

02.

The results of our Monte Carlo study based on the above data generating process are reported

in Tables A1- A6 below.

Table A1: Median Bias, 2 = 10

2 R2
2|21

2SLS IJIVE1 IJIVE2 UJIVE FEJIV FELIM FEFUL

0 0.1085 0.0429 0.0427 0.3845 -0.0116 -0.0002 0.0127

25 0.1 0.1123 0.0466 0.0461 0.3679 -0.0055 0.0048 0.0168

0.2 0.1100 0.0469 0.0467 0.3737 -0.0036 0.0042 0.0161

0 0.0875 0.0313 0.0312 0.2474 -0.0122 0.0007 0.0090

35 0.1 0.0876 0.0303 0.0304 0.2611 -0.0135 0.0004 0.0094

0.2 0.0875 0.0333 0.0331 0.2565 -0.0081 0.0021 0.0107

0 0.0748 0.0286 0.0289 0.2007 -0.0065 0.0023 0.0091

45 0.1 0.0709 0.0247 0.0247 0.1851 -0.0121 -0.0022 0.0047

0.2 0.0731 0.0258 0.0257 0.1916 -0.0099 0.0037 0.0108

0 0.0624 0.0213 0.0214 0.1430 -0.0079 0.0003 0.0056

55 0.1 0.0591 0.0188 0.0191 0.1453 -0.0103 -0.0006 0.0049

0.2 0.0603 0.0180 0.0180 0.1408 -0.0105 -0.0034 0.0022
Results based on 10,000 simulations
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Table A2: Nine Decile Range 0.05 to 0.95, 2 = 10

2 R2
2|21

2SLS IJIVE1 IJIVE2 UJIVE FEJIV FELIM FEFUL

0 0.6583 1.0481 1.0475 6.4416 1.6217 1.2922 1.1595

25 0.1 0.6561 1.0440 1.0445 6.0634 1.6434 1.3226 1.1749

0.2 0.6438 1.0219 1.0188 6.0248 1.6240 1.2587 1.1100

0 0.5803 0.8138 0.8140 5.6388 1.0813 0.9453 0.8868

35 0.1 0.5827 0.8073 0.8076 6.0580 1.0644 0.9292 0.8757

0.2 0.5858 0.8182 0.8175 5.8156 1.1009 0.9418 0.8884

0 0.5372 0.6936 0.6940 5.3935 0.8511 0.7762 0.7432

45 0.1 0.5303 0.6845 0.6839 5.1687 0.8344 0.7528 0.7248

0.2 0.5216 0.6806 0.6810 5.2909 0.8326 0.7476 0.7161

0 0.5030 0.6168 0.6169 4.5398 0.7172 0.6683 0.6505

55 0.1 0.4896 0.6073 0.6079 4.8072 0.7050 0.6535 0.6376

0.2 0.4812 0.5919 0.5931 4.8070 0.6957 0.6439 0.6269
Results based on 10,000 simulations

Table A3: 0.05 Rejection Frequencies, 2 = 10

2 R2
2|21

2SLS IJIVE1 IJIVE2 UJIVE FEJIV FELIM FEFUL

0 0.1701 0.0926 0.0863 0.5229 0.0265 0.0506 0.0511

25 0.1 0.1822 0.0981 0.0925 0.5198 0.0296 0.0553 0.0570

0.2 0.1855 0.0933 0.0879 0.5279 0.0270 0.0515 0.0529

0 0.1606 0.1003 0.0936 0.5307 0.0311 0.0455 0.0476

35 0.1 0.1663 0.1013 0.0958 0.5387 0.0330 0.0501 0.0530

0.2 0.1705 0.1073 0.1006 0.5390 0.0355 0.0515 0.0537

0 0.1573 0.1099 0.1026 0.5608 0.0369 0.0506 0.0538

45 0.1 0.1611 0.1108 0.1040 0.5573 0.0391 0.0499 0.0533

0.2 0.1645 0.1082 0.1018 0.5611 0.0356 0.0484 0.0513

0 0.1488 0.1106 0.1040 0.5800 0.0395 0.0496 0.0522

55 0.1 0.1595 0.1221 0.1146 0.5830 0.0404 0.0507 0.0539

0.2 0.1533 0.1118 0.1047 0.5786 0.0386 0.0506 0.0529
Results based on 10,000 simulations
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Table A4: Median Bias, 2 = 30

2 R2
2|21

2SLS IJIVE1 IJIVE2 UJIVE FEJIV FELIM FEFUL

0 0.1923 0.1141 0.1141 0.5684 0.0282 0.0150 0.0248

25 0.1 0.1903 0.1126 0.1121 0.5663 0.0225 0.0075 0.0188

0.2 0.1911 0.1102 0.1101 0.5747 0.0171 0.0060 0.0175

0 0.1688 0.0901 0.0905 0.4131 0.0012 0.0019 0.0087

35 0.1 0.1703 0.0930 0.0924 0.3973 0.0004 0.0004 0.0093

0.2 0.1718 0.0964 0.0968 0.4085 0.0031 0.0070 0.0150

0 0.1498 0.0775 0.0780 0.2916 -0.0084 -0.0006 0.0060

45 0.1 0.1511 0.0785 0.0781 0.2920 -0.0070 -0.0004 0.0069

0.2 0.1512 0.0764 0.0768 0.3007 -0.0071 0.0003 0.0065

0 0.1368 0.0668 0.0669 0.2253 -0.0054 -0.0017 0.0039

55 0.1 0.1319 0.0604 0.0606 0.2157 -0.0162 -0.0063 -0.0006

0.2 0.1382 0.0692 0.0692 0.2302 -0.0046 0.0033 0.0086
Results based on 10,000 simulations

Table A5: Nine Decile Range 0.05 to 0.95, 2 = 30

2 R2
2|21

2SLS IJIVE1 IJIVE2 UJIVE FEJIV FELIM FEFUL

0 0.4818 0.9798 0.9786 6.2121 2.9598 2.2421 1.8123

25 0.1 0.4809 0.9776 0.9795 5.8280 3.0383 2.1486 1.7496

0.2 0.4694 0.9585 0.9611 6.2576 3.1007 2.1524 1.7858

0 0.4481 0.8032 0.8051 5.9240 1.7994 1.4269 1.2970

35 0.1 0.4386 0.7834 0.7823 6.2369 1.7482 1.4107 1.2814

0.2 0.4359 0.7880 0.7891 6.1653 1.7639 1.3784 1.2474

0 0.4196 0.6860 0.6854 5.6961 1.2340 1.0510 0.9908

45 0.1 0.4165 0.6847 0.6853 5.7884 1.2340 1.0395 0.9831

0.2 0.4138 0.6819 0.6832 5.9617 1.2156 1.0342 0.9763

0 0.4013 0.6176 0.6174 5.6182 0.9816 0.8813 0.8497

55 0.1 0.3979 0.6105 0.6129 5.6836 0.9781 0.8523 0.8220

0.2 0.3913 0.6063 0.6069 5.3067 0.9628 0.8368 0.8057
Results based on 10,000 simulations
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Table A6: 0.05 Rejection Frequencies, 2 = 30

2 R2
2|21

2SLS IJIVE1 IJIVE2 UJIVE FEJIV FELIM FEFUL

0 0.4182 0.1490 0.1272 0.5484 0.0237 0.0572 0.0590

25 0.1 0.4217 0.1461 0.1275 0.5466 0.0240 0.0553 0.0574

0.2 0.4325 0.1495 0.1301 0.5517 0.0240 0.0556 0.0577

0 0.3844 0.1519 0.1326 0.5462 0.0306 0.0536 0.0565

35 0.1 0.3943 0.1521 0.1299 0.5413 0.0324 0.0579 0.0600

0.2 0.4091 0.1587 0.1368 0.5500 0.0306 0.0562 0.0585

0 0.3559 0.1502 0.1295 0.5491 0.0314 0.0524 0.0541

45 0.1 0.3650 0.1539 0.1329 0.5434 0.0344 0.0546 0.0565

0.2 0.3792 0.1613 0.1401 0.5504 0.0380 0.0576 0.0602

0 0.3437 0.1511 0.1306 0.5633 0.0370 0.0530 0.0550

55 0.1 0.3331 0.1508 0.1309 0.5581 0.0396 0.0552 0.0571

0.2 0.3624 0.1601 0.1388 0.5679 0.0421 0.0588 0.0605
Results based on 10,000 simulations

Qualitatively, the results presented in Tables A1-A6 mirror the results given in Tables 1-6 of the

main paper. In particular, note that, in terms of median bias, the performance of FEJIV, FELIM,

and FEFUL are uniformly better, across all our experiments, when compared to 2SLS, IJIVE1,

IJIVE2, and UJIVE; but our experiments do show 2SLS, IJIVE1, and IJIVE2 to be less dispersed

than the three estimators proposed in this paper. Again, perhaps the most notable difference in

performance is that t-statistics based on FELIM and FEFUL have much less size distortion than

t-statistics constructed from any of the other five estimators. Overall, the results here seem to

indicate that allowing for some instruments to be completely irrelevant does not seem to yield

results that are substantially different from the case where all instruments are taken to be relevant

but weak, as long as the magnitude of the concentration parameter is kept the same in both cases.
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