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Abstract

This online appendix is comprised of four sections. Section 1 contains proofs for the key
lemmas used to show the main theorems of the paper “Jackknife Estimation of a Cluster-Sample
IV Regression with Many Weak Instruments." More specifically, in section 1, we provide proofs
for Lemmas S2-1 to S2-18 which are stated without proof in the Supplemental Appendix of the
aforementioned paper. In section 2, we provide a proof of Lemma 1 of the main paper. Section 3
of this online appendix provides proofs of some additional lemmas which give further supporting
arguments for the proofs presented in section 1. Finally, section 4 gives some additional Monte
Carlo results which complement those reported in the main paper.

Section 1: Proof of Lemmas S2-1 to S2-18

In this section of the online appendix, we provide proof of Lemmas S2-1 to S2-18, which have been
stated without proof in the Appendix S2 of the Supplemental Appendix to our paper.

Lemma S2-1: Let A = P+ — M(Z’Q)DEM(Z’Q). Then, under Assumptions 2-6, the following
statements hold as K» ,,, n — oo.
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Proof of Lemma S2-1:
To show part (a), note first that, by Lemma OA-1 given in section 3 of this online appendix,
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Next, to show part (b), note that, by applying the inequality in expression (1) as well as the



CS inequality and using the fact that Apax (M (Z7Q)) =1, we obtain
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Finally, to show part (d), note that
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To show part (e), we apply the inequality (1), Assumption 6, and parts (a) and (b) of Lemma
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Turning our attention to part (f), note that, by applying the inequality (1) and making use of




Assumption 6(ii), we have
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To show part (g), note that, by making use of Assumption 6(ii), we have
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Proof of Lemma S2-2:

To show part (a), note first that D;lX’M(ZhQ)XD;l
<2 [T,ZéM(ZI’Q)ZQT/n + D;lU'M(Zl’Q)UDgl], where we take A < B for two square matrices A
and B to mean that A — B is negative semi-definite, or, alternatively, B — A is positive semidefinite.
Now, for a,b € R? such that ||a||, = [|b]|, = 1, we can apply the CS inequality and Assumption
3(iif) to obtain |a'Y'Z{MZ1Q) ZyYb/n| < \/a/T/ZgM%Q)ZQTa/n\/b/r/ng%Q)ZgTb/n <
\/a’T’ZéZgTa/n\/b’T’ZéZQTb/n = Og.. (1). Since the above argument holds for all a, b € R?
such that ||a||, = [|b]|, = 1, we further deduce that Y/ Z,M(Z1Q) Z,Y /n = O, (1).

Next, note that, by the CS inequality, ‘a’D/le’M(Zl’Q)UDlle

< \/&’DﬁlU’M(Zva)UDﬁla\/b’DﬁlU’M(Zva)UD,Ilb. Now, by Assumptions 2(i), 3(ii), and 6(ii),
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where T = mMax;<(j¢)<m, Li- Hence, by Theorem 16.1 of Billingsley (1995), there exists a con-

stant C' < oo such that for all n sufficiently large F [((u?in)Q/n> a’D;lU’M(Zl’Q)UDﬁla} =
Eyz (((,ui?iny / n) E {Mil@(]a\ff D < C. It follows from the Markov’s inequality that

a'D;lU’M(Zl’Q)UDljla =0, (n (pumim) _2). In the same way, we also have

VDU MEAQUD Y = 0, (n/ (1)), so that [o/ Dy U MEAQUD, | <

\/a’DﬁlU’M(Zva)UDﬁla\/b’D,IlU’M(ZhQ)UD;lb = 0, (n (,uﬁin)ﬁ). Since this result holds
for all a, b € R? such that [lall, = [|b]], = 1, we further deduce that D 1U'MZQUD, 1 =
O, <n (pumim) _2>. Putting these results together, it follows that D;lX’M(Zva)XDljl =0, (1) +

Oy <n (pumim) _2> =0, <n (pumim) _2>, as required to show part (a).
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To show part (b), note that, by applying parts (a)-(c) of Lemma OA-12, we obtain
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Moreover, Y’ Zy M (%19 Z,Y /n = O, (1), as shown in the proof of part (a) above. This shows part
(b). O
Lemma S2-3: Let U = U — ¢p/ and Uiy = Uiy — pe(iy and let VC (X|.7-"f) denote the
conditional covariance matrix of the random vector X given .7:nZ . Under Assumptions 1-2, 5-6, and
8; there exists positive constants 0 < C < U_< oo such that the following statements are true.
(2) Amax [VC (Y Z4M %R/ \/n|FZ)] < C  a.s. and Ay [VC (Y Z4M %19/ /n|FZ)] > C
a.s. for all n sufficiently large.

! A > .
(b) VC (U'Ae/\/Kon|FZ) > CI; > dgd a.s., for all n sufficiently large.

(¢) Amax (VC [U'Ae/ /K2 FZ]) < C a.s., Amax (VC [U'Ae/\/K2,]) < C,
Amax (VC [U’As/\/K27n|.7:nZ]) < C a.s., and Amax (VC [U’As/\/Kgyn]) < C, for all n sufficiently
large.
(d) For any a € R? with |lall, = 1 and for all n sufficiently large, Amin (X,) > C > 0 a.s. and
a'¥ta < C < o0 a.s., where ¥, =VC (yn]]:nz) = Y1, + X2y, as defined in section 4 of the main
paper, and where Y, = Y/ Z,M(“1:Q¢/\/n + DU Ae.
Proof of Lemma S2-3:

For part (a), note that, by Assumptions 1, 2, and 3(iii); there exists a pair of constants
0 < C < C < oo such that, for any b € R? such that ||b]| = 1 and for all n sufficiently large,

VVC (Y ZyM % /\/n|FZ) b= VY ZyM A E e’ | FZ] M(Z1Q) Z,Yb/n < <max1§(m§mn E [52
C a5 and YVC (T ZM A Qe Ju| FE) b= (mini<iem, B |2, |FZ| ) V0 231 @9 250 /n >
C a.s. Since the above bounds hold for any b € R? such that [|b]l, = 1, it follows that, _almost
surely, Amax [VC (Y ZbMZ1:Q)¢ /\/n|FZ)] = maxp=1 V'V C (Y Z4MZ1 Qe )/ /n|FZ)b < C < oo
and Amin [VC (Y Z4M %19 ¢ /\/n|FZ)]
= miny—; 0'VC (T’ZéM(Zva)e/\/ﬁ\ff) b > C > 0 for all n sufficiently large, which establishes
the required result.

To show part (b), let a € R? such that [jall, = 1, and we define Uiy = Uiy — PEGip)s
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In addition, write

is given by Amin (A(i’ X Qa,(i,t)‘

t ’ J’S)

Qi = E{g?z;t)'f 5] E |enUfpl Fil
2t —
E [Q(i,t)t?(i,t)lff ] E UG Ul Fr
< 1 0) E[E?Zyt)‘f ﬂ B |ein Ul | F7
—r la EUsnean)F7] E

U(i,t)U(,i,t)u:nZ
1 0
= LpQ(i,t)L;n where L, = ( —p I > .

Qa,(j,8)|"

)3 )

Note that L, is nonsingular, so that LpL;) is positive definite. Hence, by Assumption 2 part (ii)
and by the fact that L,,L;) is a fixed, finite-dimensional positive definite matrix, there exists some
constant Cy > 1 such that

min Amin <Q(Z t)) min Amin (Q(z,t)) Amin (LpL,’D) > 1/01 >0 a.s.n. (3)

1<(4,t)<mp, 1<(4,t)<mp,

Next, let

D, = , D = () ) cand D, ;) = ( a,(i,t) )
(d+1)><2 < O a ) SD7(Z7t) ( O wa,(i,t) 97(1’175) Qa’(rL"t) 1

and note that
10 > E[ (zt)’]_—z} E |eunUy, )’7: < 10 >
0 " )\ BUneanlFZ] B |[UanlinlFe 0 a

_ (o9 O >< 1 Qa,u,t))(%t) 0 ):D D D
< 0 aa,(i,t) Qa,(i,t) 1 0 aa,(i,t) SD,(i,t) Y o,(i,t) Y SD,(i,t)»
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Now, as can be seen from expression (3) above, an implication of Assumption 2(ii) is that

1<(1i132m U%i,t) = 6/17d+1§(i’t)€17d+1 >1/Ci >0 a.s.n. (4)

1§(1£%I§1mn Gi7(i7t) = dQipna>1/Cy >0 a.s.n. (5)

where ejgp1 = (1 0 )/ and a = (0 d ),, from which we deduce that Dgp () is in-
(d+1)x1 (d+1)x1

vertible almost surely for each (i,t) € {1,...,my} and for all n sufﬁmently large. The invertibility
of Dgp iy then allows us to write D, ;1 = DSD( )D Q(z HDaDy Dy(it)" On the other hand,
Assumption 2(i) implies that there exists some constant Cy > 1 such that

1

1
N Amin (Dgp i) = >0 6
1§(¥:3I§1mn < SD:('L’t)) maXlS(i,t)Smn )\max (‘DSD,(’L,t)) 02 @5 ( )

It follows from the fact that Apin (D), Da) = Amin (I2) = 1 and from making use of Assumptions 2(i)
and (ii) and the lower bounds given in (3) and (6) that

1§é§§r§1mn Amin (DQ,(i,t)) > 1§(H%;I§1mn Amin (ﬁ(ut)) Amin (D:zDa) Amin (Dgé,(z,t)>

MiNg <(; t)<m,, Amin (ﬁ(@t)) > 1 >0 a.sn.,

= pISE
max;<(; ) <m, (Amax (Dsp,it)))

where C' = max {C1, C2}. Moreover, by solving the characteristic equation of D, (; 1), we see that the

smallest eigenvalue of D, (; 1) is given by Amin (Dg,(i,t)) = 1—10q4,(i,¢)|» S0 that minj < (; y)<m, Amin (D@(z’,t)) =

1—max;<(; 1)<m, ’pa,(i,t)‘ >1/C3 > 0 a.s.n., from which we further deduce that Max) < (j 1) <mn

Qa,(i,t)‘ <
1-— (1/03) <1 a.s.n. Applying this upper bound along with the lower bounds given by (4) and
(5) as well as the fact that Apin (A‘(’Z .G S)> =1-

O, (i t)’ Oa,(j,s)|> as derived earlier, we have

2
7
E [(5(j,s)ﬂa,(i,t) + €(i,t)!a,(j,s)> !fn} = G it). () D). (7.9) 0,00, ()
|: Qa, (it ‘ :| |:U(g s)(‘w‘)2 (2,t) + 0, t)~2 (4,9)

> (c )[ ] S>0 asm

Summing over 1 < (j, ) < m,,, we obtain

(3,t) )
Z]s) 170,60 [ Js_a(”)-i-s(”) A8> |.7:nZ}
(1 .
(2/05) Z( ” 1) - W) K Z (j,s)= 1-7 (j.s)» Where the

last equality follows frorn the symmetry of A and by the fact that A(%t)’(z,t) () for (i,t) =1,....m

v

14



Furthermore, by straightforward calculation, we obtain

mn Mn )
= Kl S Y [P rews — M EQDMEDe ;)
i,t)=1(j,s)= I =1 (j,s)=1
= 1 Z 6’@ t)M(Z’Q)DﬁM(Z’Q)DﬁM(Z’Q)e(i,t) >1
R ’
7 (i,t)=1

Putting everything together, we have
GO g2 Y77 >
Z ] 8) 1 it ]S) (g(jvs)gaﬂ(i?t) + E(i,t)ﬂa,(j,s)) | n -
1/C’5 Z( = 1Zmn (zt) i.9) > 1/C® > C > 0, by choosing C such that 0 < C <
7 (4,8)=

1/C5. Smce the above argument holds for any a € R? such that ||a|| = 1, it further follows that
Ve (Q'Aa/\/KZn]]:nZ) >ClI; >0 a.s., as required.

To show part (c), note first that, given Assumption 2(i), there exists a positive constant C' such
that

max A (B | Ul 07 |)

1<(4,8) <,
= <G {E {UUS U |]:ZH
< max B[l 177] + 28 UG pe0| 172] + 0 [0\ 77 ] |
S {E [HU(J‘,s)H; |fﬂ +2{|pll, \/E [e%jjs)lfnz} \/E {HU(LS)H; |f7ﬂ
+1lell3 B [, 172] }
< of (mas Bl 10 (_mex B [205])]
< C<x as. -

where the third inequality above follows from applying the CS inequality while the fourth inequality
stems in part from applying the inequality |XY| < (1/2) X2 + (1/2) Y2. Now, for any a € R? such
that [|al|, = 1; we obtain by applying the triangle and CS inequalities, expression (7), as well as

15



part (a) of Lemma S2-1 and Assumptions 2(i) and 8

pave; <Q’Ae/@|ff ) a

= Kin . t)%::) 1A%i¢)7(j78) (B |77 a'B Ul |7 ] @
()#(7.9)
+\/CL’E [Q(z‘,t)gl(i,t)‘fﬂ a\/E {E%iyt)\fﬂ dE {Q(QS U5 \.7:2} \/ [a%jys)\}'ﬂ)
= Kin . )%2):1‘4%@0,(1,5) {B |07 Ao (B | UL 172
(i) #(5,5)
+\/ Ama (B [U Ul 0177 \/ E 2,177 \/ Amas (B [Ugy Uty 1 FZ]) \/ B2, 172] }
= Ogs.(1).

From this, we deduce that Amax [VC’ (Q’Ae/w/Kg,n\fnZ)] = max||q|=1 a'VC (Q/AE/w/KQ’n‘fnZ) a
< C a.s.n. Moreover, by applying the law of iteratgd expectations and part (i) of Theorem
16.1 of Billingsley (1995) that there exists a constant C' > 0 such that o’'VC (U'Ae/\/Kap) a =

Ez {E {(a’Q’A5)2 /Kgn’fnz} } < C, for all a € R? such that ||a|| = 1, from which we further deduce

the unconditional version of this inequality, i.e., Amax (VC’ [Q 'Ae/\/ Kgn])
= max||q|=1 a'VC (Q’Ae/\/E) a < C < oo, where U = U —¢p/ and Uiy = Uity — PE(i)-

Furthermore, since U = U — ¢p/, we see that, by setting p = 0 in the argument given above, we
can also show that there exists a constant C such that Apax (ve [U’AE/\/ELE%D <C <
a.s5.n. and Amax (VC [U’As/@]) < C < oo for all n sufficiently large.

Finally, to show part (d), note first that, by straightforward calculations, we get ¥, = VC ()}n|.7-"nZ ) =
Ve (T’ZéM(Zva)g/\/m,fnZ) + VC (D, 'U'Ae|FF) = S1 + Yo It follows by part (a) of this
lemma that there exists a positive constant C such that Ayin (X1) > Amin [VC’ (T’ZQM(ZLQ)E/\/H].FE)] +
Amin [VC (D;;*U' Ae| FZ)] > Amin [VC (Y Z4M A1) \/n|FZ)]
>C >0 a.s.n., so that 3, is positive definite a.s.n. Moreover, again by part (a) of this lemma,
for any a € R such that |ja| = 1,

dX g < !
S N (VC (Y ZMEDe ] JRIFD) + VC (D L A7)}
<

< ! !
= Amin [VC (Y ZEM(Z1Q)e ) \/n|FZ)] — C —

6 < o0 a.s.n.

where C can be taken to be any finite, positive constant such that C' > 1 /C. O

Lemma S2-4: Under Assumptions 1-6, D;lX’Ae = Y/ Z,M(%1.Q 5/\/_+D W' Ae = O, (max {1, \/Ka,/ (u™)
Proof of Lemma S2-4:

16



To proceed, since

A = pL_M(ZvQ)DEM(Z,Q)
plZQ) _ p(Z1.Q) _ M(ZQ)D@M(Z,Q)

M(Z1Q) _ {M(ZaQ) + M(Z’Q)DEM(Z’Q)} ,

we can write

D' X'Ae
- D1 Dy o'z Dy Y7+ =0 + U ( M(%1Q) MEQ) L p(Z.Q) pp(%4:Q)
- m \/—T_Z 1 + % 2 + = Q + - + 39 g

Y'ZLA
_ \/‘% = 4+ DU Ae (8)

Moreover, by straightfoward calculations, it can be easily shown that
Y'ZAe  YZMEQe Y ZiMEQe Y Z5MZD Dy MZQ)e
N N NG
T/ Zh M (%@ ¢
vn
= 0p(1) (9)

Now, let b € R? such that ||b]|, = 1, and, by straightforward calculations, we obtain
U'Aee’ AU
K2,n
= Kb D;'VC (U Ae/ /Kol F2) Db

K
< Amax [Vc <U’A5/«/K27n].7:nz>} : 2,’”)2
pie

< C K2’n a.s.
T (umin)?

E ([b’D;lU’Ae]Q |ff) — K»,V'D,'E ( yz?) D'

for some positive constant C' < oo. Hence, for all n sufficiently large

min 2 min 2
o (UL o) - v (UL p (o a7 | <2

2n 2,n

It follows from Markov’s inequality, for any € > 0, we can set C. = y/C'/e so that for all n sufficiently

17



large

. . 2
Pr(\’t/L”T_b’DulU’Ae zq) = Pr|TA¥D A > C?
2n 2n
in) 2
Lo (™) 1 a1
< §E< o (V' DU Ae]
< _i =€
CJe
which shows that
vV Ean
VDU Ae = O, ( (ﬂmi’)> .

Since the above result holds for all b € R? such that |||, = 1, we further deduce that

vV Ea2n
D,'U"Ae = 0, ( 2 ) . (10)

(k™)

Expressions (8)-(10) together imply that

D1 X' Ae Y'7Z! A
K n = \/2, c + D;lU,AE
T n
Y 7! M(Z1.Q)
= Qf& + D;lU/As
n

Lemma S2-5: Under Assumptions 1-6, D;lX’M(Zl’Q)s = Op (n/pm).
Proof of Lemma S2-5:

To proceed, let b € R? such that ||b|l, = 1 and let u, = UD;lb and up, (i 4) = U(’i 1t)D;jlb. Now,
write

D, X' M@ Qe

D D
= VD! <7%9’21 + ZEY'Z + 2 Q + U’> M(Z1Q)

Vn
Z I
_ b/T/ZéM( 1 Q)E + u;)M(ZLQ)g‘
NG
By straightforward calculations and by applying Assumptions 1, 2(i), 3, 4, 5(i), and 5(iii) as well
as the CS and Markov’s inequalities, we can show that b’ ZyM(%1:@¢ /\/n = O, (1). From the CS
inequality, we also obtain F HuéM(Zl’Q)a‘ ].7-‘,%]

< \/E [, M (2@ | FZ] \/E [e’M(%1.Q)¢| FZ]. Next, note that, by applying Assumptions 2(i) and

18



6(ii), we have E [¢/MZ1:Q¢|FZ] < E [e'e|FZ] < nT (maxlg(ijt)gmnE [5%1.725)\]:5}) = Og.s. (n).
Similarly, by applying Assumptions 2(i), 3(ii), and 6(ii); we obtain E [u/M(Zl’Q up| FZ |

= E [ D U MEAQUDWFE] < T (maxi<pm, B [[Uanls1F7] ) [/ ()]

=04, ( (pumin) ™ ) It follows from these results that £ Hu{,M(ZhQ)E} |ff] = Oq.s ( (i)™ 1).

Hence, by the law of iterated expectations and Theorem 16.1 of Billingsley (1995), there exists a
constant C' < oo such that for all n sufficiently large E [((uﬁin) /n) ‘u%M(Zl’Q)eﬂ
= Ez (((p™™) /n) E HugM(Zl’Q)a‘ ]ff]) < C. By applying Markov’s inequality, we further obtain

b/D;IlU/M(ZLQ)E — O < (lu/glln) 1) . (11)

Putting everything together, we have

1N 7! Z1,Q
b/D;lX/]w(ZLQ)8 _ bTZZM( ! )5—|—b’D;1U'M(Zl’Q)6

\/ﬁ
= 0,0+0, (7 ) = 0 ()

Since the above argument holds for all b € R? such that |[b], = 1, we further deduce that
D;lX’M(Zl’Q)EZO ( (Mgnn) l>. 0

Lemma S2-6: If Assumptions 2 and 8 are satisfied; then, for 1 < p < 8 and for all n, there exists
P

a positive constant C' such that max;<(; y)<m, E[ Q(i’t)H2 |f,ﬂ < C < 00 a.s., where Uy =

Utit) — PEGi)-

Proof of Lemma S2-6: Note that, for 1 < p < 8 and for any (i,t) € {1,....,m,}, there exists a

positive constant C' such that

E [“Q(i,t)HZ |fﬂ = b [(HU(Z‘,t) - pﬁ(i,t)H2>p |7:nZ}
< 2 {(E e 5172])" 1018 (2 [lewo P 17])"

< C<x a.s.,

where the first inequality follows by applying the triangle inequality, Loéve’s ¢, inequality, and Lia-
punov’s inequality in sequence and where the second inequality follows from applying Assumption
2(i) and from the fact that p € S,, some compact subset of R? as stated in Assumption 8. Since
the upper bound above holds for all (i,t) € {1,....,my,}, for all p € S,, and for all n, it further

follows that max;<(; sy<m, £ [Hg(i’t)HZ |.7-'nz} <C < oo a.s., as required. UJ

Lemma S2-7: Under Assumptions 1-6, the following results hold: (a) 7, Lin = Op ([ mm] / n) (b)
an = o ([ mln] /TZ)
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Proof of Lemma S2-7: To proceed, first define

= pmneQ (1 0
Dn—< 0 D“>andL5_(50 Id)’

4 (1 0
(o n)

Now, for any 8 € R4 such that ||3]|, =1 and for X = [ y X |, we can write BX AXB =
B'LsD,, (ﬁ; 1L£5_17,A7L5_13; 1) D, Lsf3. Moreover, by direct multiplication,

and note that

min) 2 ! -1 min
115 71751 _ [ (y—X60) Ay — Xbo)/ (“n ) (y — Xo) AXD, /(M” )
D, Liy'X'AXL;'D,” = ( Dy XA (y — Xbg) / (4 D;'X'AX D, ’

n

Now, by straightforward but tedious calculations and by applying Assumptions 1, 2(i), 3(ii)-(iii),
4, 5, and 6(i), as well as Lemmas 52-3(c) and S2-1(a); we can show that, under the rate condition

VES/ (pin)* — 0,

=115 ,vr-1575"1 0 0 1

D, Ly X AXL;'D,, = ( 0 T ZMZQ 2, /n ) +o0,(1)",

where, in light of Assumption 3(iii), Y/ Z4M(#1:Q) 2, /n = O, (1) and Y1’/ Z,M (%19 ZyY /n is pos-
itive definite for all n large sufficiently large. It follows that D, 1Lg_1YIAYL5_15; Yis positive
semidefinite w.p.a.l, so that

BX AXB = B'LsD,, (ﬁ;ng_lylAYLa_lE;l) D,Lsf > 0 w.p.a.l for all € R such that

18]l = 1. Moreover, by straightforward calculations, we can show that

X MZQXg _ B’LgQDuT’ZéM(ZLQ)ZQTD,LLMB N

i GILE [

V' MAV
—} Lsf + 0p (1),

n n

where V = [ e U ] and Lso = [ o Iy ] and where F/ [V/MQV/TL] is positive definite for all n
sufficiently large in light of Assumptions 2(ii) and 6(i). Since Ls3 # 0 for all f € R%*! such that
18]I, = 1, it follows that /X MZ-QXB/n > 0 w.p.a.l for all 8 € R4 such that |8, = 1.
Hence, with probability approaching one as n — oo,

BX AXB
R(B) = T~ e
B'X M(Z1.Q)X 3
is a continuous function of 5 for all values of 3 such that ||3|, = 1. The Weierstrass extreme value
theorem then implies that there exists some g such that § = arg miny gy, =1 R(B) w.p.a.l. Next,

note that 7, L,n is the smallest root of the determinantal equation
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det {Y/AY — EYIM(ZLQ)Y} = 0; and, thus, ZL’,L has the representation

S 5 ~!
~ ~ X AX "X AX
lrn=R (ﬂ) = N,_BI B_N = min _ﬁ, B_ .
BX MZ.QXE  I8l=1\ /X M(Z-QX}
Now, let d, = ( 1 —5’ / H —5’ 2; and we have, with probability approaching one as

n — 0o,

o
IA

. , BX AXB
lrn = min — -
18l,=1 \ /X M(Z1.QX 3

5. X AXS,
§' X M(Z1.QXs,

(pimin® { (y — X60) A(y — Xb0) /\/Kan } VEom

n (y — X0) M(Z1.Q) (y — X6¢) /n

(e
_ 0 (“‘T} >op<1>op <E> o, (@)

2
(k™)

in\2
)

given the rate condition v/ Ks/ (ugin)z — 0. This shows part (a).
For part (b), we use the result in part (a) above and the fact that m,/n ~ 1 by Assumption
5(i) to obtain

o 2 <1<1 f;{j/m” [ ()] [rror ()]~ (L) 0 o
—(1—=fLn My,

We introduce some notations before proceeding to the next lemma. Let
(e )msE@1n) 5o (Wm0 E@1)0) 5 (20 €@ M) 5o (U0 0 E@T2) 1) 5000
U(n, 1) 0 E(n,)m) -+ (Wn,Tn)ms E(n,T),m) denote a triangular array of (bivariate) random vectors.
Also, let ¢ 1y n = Pipyn (£),(i,t) = 1,...,my, denote a triangular array of measurable functions.
In applications of the lemma given below, we will take @it o be either a conditional variance
or a conditional covariance given FZ = o0(Z), the o-algebra generated by Z. In addition, we
let O-%i,t),n [ |]-“ |, @ (Z B = E[u%i7t)7n]fnz],and E(i’t)m = Ele(it)ntinnlFZ]. In order to

simplify notatlon we suppress the dependence of ¢(i7t)7n, O’%Z-’ £ w%i’ £ and E(i,t),n on Z.

Lemma S2-8: Let A be as defined above. Assume that i) (U(171)7n,€(171)) s ey (u(LTl),n,s(l,Tl)) ,

(u@1)mr E@1)m) » - (W T2) s E@T2)m) 5 ++os (W, 1)ms €1y m) s (U(n T )ms E(n, 1) m) V€ independent
conditional on FZ = o (Z); ii) there exists a constant C such that, almost surely for all n sufficiently

large, max;<(; )<m, & <u‘(11.7t)7n].7-"5> < C, maxi<(jp)<m, £ (5‘(11.725)7”].7-"5) < C, and max<(; )<m,,

C. In addition, define E(j’s)ﬂ =F [u(j’s)ms(j,s)’ﬂfnz] for (7,s) = 1,...,my. Then, under Assump-
tions 5 and 6, the following statements are true:

-1 P 9.
(2) K 1§(j75)<(i,t)§mnA?iat)a(jas)¢(i’t)’n{ () Ga)n ~ Vi), }HO’

21

¢(i,t),n =




— p
(b) Ky, (o)< A ),3,8) A, (k) Pist)m UG8 E (k) F EGs)m (k) m | — 05

1< (k) <(4,8)<(i,t)< mp
~1 .
(©) Kom D1 (k<) <(i)< mn A(i,t),(j,s)A(i,t),(k,v)¢(i,t),n€(j,s),n€(k,v),n % 0;
-1 p
(D) Kon D ety <tinrc my M0G0 A0, 060) P00 1G5 k) — O

Proof of Lemma S2-8: To show part (a), note that

1 2 " 2 Z
<K2 n Zlg(j,s)<(i7t)§mn A(i7t)7(jvs)¢(i7t)vn {u(jrs)vng(jvs):n - w(],s),n}) ‘ ‘Fn ]
_ 1 4 2 2 2 Z -2
= T Xrcgotzm H0.69%00{E (Bomdionl ) =T}
2

2 2 2 2 2 Z YA
+K22n Zlg(j,s)<(k,v)<(i,t)§mn A(k,v),(j,s)A(i,t),(j,s)¢(k,v),n¢(i,t),n {E (u(j’s)vng(jvs)’n‘fn > o w(j,s),n}

E

1 4 2
= K3, Zlﬁ(j,s)<(i,t)§mn {A(@t)’(ﬂ?s)‘ﬁ(i:t)vn
4 Z 7 2 A
|V (it 2) B (8 72) 0 (05 B <(j75),n|fn>]}
2 2 2
+K227n Zlﬁ(j7s)<(k,v)<(i,t)§mn A(k,v),(j,s)A(i,t),(j,s) (b(k,v),n (3,t),n
4 Z Z 2 A
X{\/E< bl FZ) B (bl F2) + B (w0, 7 ) E <(j,s),n‘fn>}
< C L Z AL +_2 Z A2 A2
- K2, 41<(j5)<(it)<my ~ BD09) T2 La1<(j.s)< (ko) <(i,t)<my B0 (5:5) T 00,09)
1 Mn 2 ze Mmn
4 2
s ¢ K3, A(iv)( S TR K3, Z) Z) A(kv)( AG1,6.9)
M (4,8),(4,8)= 7 (j,8)=1 (3,t),(k,v)=1
GG, ) (i,)#(7,5),(k,0)#(5,5)

= 045 (1)

where the first inequality is the result of applying T and a conditional version of CS, the second
inequality follows by hypothesis, and the convergence to zero almost surely follows from parts (b)
and (c) of Lemma S2-1 and the symmetry of A. It follows by the conditional version of the Markov’s
inequality that for any € > 0

1 ) _
o <' T 2r<tr<inyms A0 {£60169n = Tiion

Note further that

26|fnz>—>() a.s.

o)

A%i,t),(j,s)gb(i,t)m{ €(j,5)U(j,s),n w(ﬁ s);m }

Z K2,n

1<(4,5) <(i,t)<man

sup K < 00
n
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Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley
(1986), we have, as n — oo,
> 6)

1 2 o 7
Pr e > Ali0).G.5)Plit)m {€(j,s),nu(j,s),n - w(j,s),n} > €| Fy
1< (j,8) < (i,t)<mn

1 2
o <' Ko leu,s)qi,ﬂmn A0.G9960n {5075)’"“075)’" B %S)’"}

= F

— 0,

as required for part (a).

To show part (b), first let L be the lower triangular matrix such that L; 4 (;.4)
= A(i,t),(j,s)]l{(i>t) > (.77 8)}7 and define DE = dlag (E(l,l)ﬂw "'>E(n7Tn),n> = dlag (Eb -">Emn))
D¢ = dlag <¢(1,1)7 "'7¢(n,Tn)) = dlag (¢1> -">¢mn)7 u = (u(l,l)v“'7u(n,Tn))l = (ulv "'7U/mn),7 and

€= (5(1’1), v s(an))/ = (€1,...,6m,)". Tt then follows by direct multiplication that
¢'L'DyLu ~ tr {I'D, LD |

9 —
= Z A(i,t),(j,s)gb(i,t),n {“(j,s)yng(j,s),n - w(jys),n}

1<(4,8)<(i,t)<mn,

+ > A1), G,5) A1), (k) D 6) o UG 5)mE (hiv)m T+ Eus)n Ul m |
1< (k,U)<(j,S)<(i,t)§ mn

so that by making use of Loéve’s ¢, inequality, we have that

2

AGi0),G.5) A1), (k)P (0.0)m UG 5)nE (k) n T+ Ejus) Ul } 7
i 2.n
IS (k,U)<(j,S) ’
<(i,t)< my,

< 2

1 2,
" [(u’L’D¢L5 —tr {'DyLD3}) \fn}

+2 E

2
2 o Z
K3 > ALngaenn {U(j,s),n*f(j,s),n - %sm} o (13)
2m 1<(5:9)

<(3,t)<mp,

From the proof of part (a), we already have

1 2 A 2 Z
K22 E [(Zlg(j,s)<(i,t)§mn A(i,t),(j,s)¢(i,t),n {u(j,s),ne(j,s),n - w(j,s),n}> |"Tn] = Oq.s. (1) .

To show that

2
i7e E [(u'LlDd)Le —tr {L/quLDE}) |‘7_—nz} = 0a.s. (1),

2,n
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note first that

L g [(u’L’D¢L5 —tr {L’D¢LDDE}>2 | ff]

K3,

L E (WL'DsLe)?| FE| - ! o {r'D LD—H2
K3, ’ "k, S
K12 E[W'I'DyLe @ W/ DyLe | F7] - K% r {1'DyLDG | i

2,n 2,n

1
xz Elir{(v@v) (FDyL e I'DyL) (e ® )} | 7]

1 , 2

vy tr {1'DyLDz}]

Lt {(I'DyL ® I'DyL) E e/ @ eu!|F7]} — — o {r'D LD—H2 (14)
K3, ’ ’ "OKE, R
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E [ed ®@ e/ | FZ]

2 —2 /
(1,1),n%(1,1),n 1,1 € 1)
2 —2 /

T1,11)n% (1,1)n(1,T1)€(1,1)

U?n,l),nw?l,l),ne("vl)6/(1,1)

2 —2 /
T (n, 1) n? (1,1) n€(n,T5) €(1,1)

Next, by straightforward calculations, we obtain

2 —2 /
U(l,l),nw(n,Tn),ne(Ll)e(n,Tn)
2 —2 !

1,11)n% (n,T,) nE(LT1) € (n,T7,)

2 —2 /
O(n,l),nw(n,Tn),ne(nvl) e(n,Tn)

2 —2 /
U(n,Tn),nw (n,Tn),ne(nyTn)e(n,Tn)

w(l,l),ne(l,l)e/(Ll) 5(1,1),71@(71%),ne(n,Tn)6'(1,1)
1) (1,1),0€0 ) €0 T) Y11 T0) m€(n, T E(1,11)
+ : :

E(n,l),na(l,l),ne(l,l)el(n’l) E(n,l),na(n,Tn),ne(n,Tn)el(ml)
E(n,Tn),nE(l,l),ne(l,l)el(an) E(n,Tn),na(n,Tn),ne(n,Tn)el(an)
%(1,1),n€(1,1)€(1,1) anmn mngmn

0
My XMy,
+ 7r(17’111)7’”’6(177—’1)e/(lfl—’l)
' 0
My XMy,
— /
mngmn mngmn mngmn %(n,Tn),ne(n,Tn)e(n’Tn)
w(l,l),n X DE mngmn mngmn
0
My, XMy,
+ : E(I,Tl),n ® DE
Mp XMp,
anmTL anmTL mngmn w(n’Tn)’n ® DE

('DO' ® Imn) vec ([mn) vec <Imn) (Dw ® Imn)

+ (D @ ) Koy, (D @ In,) + E'DzE + (Dy @ Dy ) (15)
K, 1, is an m2 xm2 commutation matrix such that for any m,, xm,, matrix 4, K,, ., vec(A) =

vec (A"). Also, here, Dy = diag (El, ....,Em"), Dy = diag (o1, ....,0%

Y may

25

, Dg = diag (@2, ...., 0>
) 9( 1

9 mn)7

. — — 1 — _ —2 .
Dz = diag (31, ..., %m,,) With 324, = E [E?i,t),nu%i,t),n‘fg} — U%i,t)mw%i’t)’n — 204, for (i,t) =



1,....,m,. Also, let
E = (e1,m, @ €lmn, s €mnmn @ emn,mn)'; and e;y,, is the ith column of an m,, X m, identity
matrix . It follows from (14) and (15) that

E [(U’L'D¢L5 —tr {L’D¢LD¢}>2 | Y ]

= 0 {(I'DyL® I'DYL) E el ® eu!|FZ]} K12 o {L’quLDE}r
2,n

= L (DyL ® I'DyL) (D ® In,) vee (I, ) vec (I, ) (D ® L, )
tr {(L/D¢L X L/D¢L) (D¢ X Imn) Kmnmn (DE X Imn) }

1
szt {(E'Del @ L'DyL) EDzE} + oyt {(tDsLe L'DyL) (Dy@ Dy) }

_ Kén tr { /D, LD5}] i

_ vee (Inm,) (DzL/DyLD, @ L' DyL) vec (In,,)

K3,
(o ) K+ (s 0 B
2.n KZ,n
1
gt {(DsLDg@ L'DyLDS) | - K2 tr {L’D¢LD—H
— 4 {(I'DyLDsI'DyLD,) + —tr {(Pul/'DsLDG @ L'DyL) Ky, |
K2,n KQ,n e
1 1 1
gt {(E'Dol © L'DyL) E'D7E} + 1o tr {L’D¢LDEH e [tr {L’Dd,LD—H
1 1
- {I' DyLD5L' Dy LD, } + emd {(DyL'DyLDG; & I'DyL) Ky, |
+K%tr {(L'DyL ® L'DyL) E'D=E} (16)
2,n
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Focusing first on the first term of (16), we get

tr {L'DyLDzL'DyLDy}

< \/ tr {L’D¢LD2L’D¢L}\/ tr {I/DyLD2L/DyL}
1
—4 4 /
< \/<@Hlté)1§m (iom \/Ig(iniz)%;cmna(i’t)mf(%ntr {L'DyLL'DyL}
< max W max ok L {D LL'D2LL/D } 2 Loy
- 1<(4,t) <my, Zt) 1<(4,t)<mp, (i,t)n K%m ¢ ¢ ¢ K227n
4 2
S el P B85, o 1S, S

1 1
x| ——t {LL/D%L/} tr {LL'LL
\/ K3, VDR [ Y
1
—4 4 2 /
=< \/K(g{lggmnw(i,t),n LB Oty (K(g{ggmnfb(i,t),n) K7, ——tr {L'LL'L}

< 4 Z 4 7 2 /
< \/ 13(5{1?§WE <u<z,t),n!fn) 1<(imt?§mnE (e(l,t),n!fn) <1<&§§mn¢( 9, > e ——tr {L'LL'L}

1
< C
K3,

)

tr{L'LL'L} =

HF a.s. (17)

where the first and third inequalities follow from CS and where the sixth inequality follows from
the conditional version of the Jensen’s inequality and the last inequality follows in light of the
assumptions of this lemma. In addition, let G be an m,, x m, matrix and D = diag (dy, ..., dn,,)
such that d(; ;) > 0 for all (i,t) € {1,...,m,}, and note that the second and fourth inequalities in
(17) above follows from the inequality

tr {G'DG} < {r{wgc (i) } tr (G'G). (18)

Turning our attention now to the second term of (16), we see that, using the identity
tr {(A® B) K, . } = tr {AB} for m,, X m, matrices A and B,

tr { ( D3L'DyLDy @ L/D¢L> Kmnmn}

2,n
B - { D51/ DyLDGL'DyLYy = ——tr { 1'DyLDGL'D,LDG
K3, K3, v v
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It follows by calculations similar to that used to obtain (17), we obtain

i {(PL'D4LDG @ L'DyL) Ky, |
n

-9 ) 1
(1<&?§mnw(z7t)7n> (1<(IzntE)L§m ¢(Z,t),n> K%ntr {L LL L}

1
CK

27

IN

IN

tr {L'LL'L} = HLL’HF a.s.

Finally, to analyze the third term of (16), we note that

K2 |tr {(L'DyL @ L'DyL) E'D=E}|
2,n

1 =

I > [Faanl tr {elin L' DoLen L' DoLeg el |
M (it)=1

mn

> [l (¢ zvtLD¢L€<i,t>>2

1
K2
Kam (m) 1

) (2):1 ] (i D3Len) (€l Leca)
(it

1 = 2
(Lo ) T 5 Ponsl (duoEeco)

2 (3,0)=1

{\/E [5?z‘,t),n|fnz} \/E[
—2
+2 max it),n
<1<(i,t)<mn¢( 2 >} Zn (i,t)=1

1 I 2 1 2
7z 2 (ol'een) <Oz 3 (fanA'4en)

IN

IN

IN

IN

ze

IN
Q

4 7z 2 —2
Yit)m 7 ] * <1<&?§mng(’ v, ) (1<@%&)L§mnw(”t)’”

1 2
2 / /
<1<(I'Lnt?§m ¢(’i,t),n> K2 Z (e(i’t)L Le(ivt)>

where the first inequality above follows from T, the second inequality follows from CS, the third
inequality makes use of (18), the fourth inequality uses CS and T, and the fifth inequality stems
from our assumption about the (almost sure) boundedness of the conditional moments. Applying
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T
the inequality ‘Zm 4| =
1=

m
mr1 |a;|" for » > 1, we further obtain
i=1

é tr {(I'DyL ® L'DyL) E'D=E}|
1 & 2 1 AN 2 ZQ p 1y 2@,

< 20 |53 (P(it) (it)> T > (e(mM DM Dy M e g )>

| Bin it 2 (i1
< o0 |2 . G o) =t { D2
> % Z): ( (3,8),( zt) 1§(I£§‘§mn (i,t)‘ @ T{ 9 19}

- 2 ) ]
= ”(a)](lg&?;‘mﬂ” ) |7 Z Pl + g, {7%)

- 0. (3) (20)

where we have used Assumption 5(iv) and part (a) of Lemma OA-1 in arriving at the last line
above.
In light of (16), it follows from (17), (19), (20), and Lemma OA-11 (given in section 3 below)
that
2
E [(u/L’D(pLs —tr {L’D¢LDE}) | ff} <20 (1/K3,) |[LL|%4C (1/Kap) < C/ Koy a.s.

1

It follows from (13) that

E

2
3 A(1.0,6,9)A00,0),050) P00 18G,9)nE Rv)n F G0 m U0 | 7
2 n
1< (kw)<( Kan

7,8)<(i,t)< mp,
= Ogq.s. (1)

Moreover, by the conditional version of the Markov’s inequality, we deduce for any € > 0

Pr ( 3 AGi),(.5) AG,,(k0) P i,t) {[g(j,s),ng(k,v),n + €(j,5) U)o } - ff)
(k,0)<(4,8) < (5,t) < ™, 2.n
— 0 a.s.
Since
2
sup /' | |Pr E A60.6:9A60.6:) ). {;((J,s),nﬁ(k,u),n + €(j5)nl(k0)n § >e| Ff
" 1< (kw)<(j,s) 2,n
< th)g mn
< 09,
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it further follows by a version of the dominated convergence theorem, as given by Theorem 25.12
of Billingsley (1986), that as n — oo

A (oA | ‘ .
Pr Z (4,t),(4,s) (z,t),(k,v)¢(z,t),n {u(],s),ng(k,v),n + 5(],5),nu(k,v),n} > ¢
1< (kw)<(

K2,n
Pr( >f-7:nZ)

as required for part (b).
It is easily seen that parts (c) and (d) can be proved in essentially the same way as part (b);
hence, to avoid redundancy, we do not provide detailed arguments here. [J

Lemma S2-9: Let

3<5)__(y—X%)/M(ZI’Q)(?/—X%)2{ (y — X6)' A(y — X0) }
v 2 90 | (y — X6) M(Z1.Q) (y — X§)

3 A1), G.5) A1), (k) P.8) o AU 5)mE (kav)m T+ Ejus) Ul |

= F
K2,n

1< (k)< (F,8)<(i,t)< mp,

— 0,

0=do

If Assumptions 1-6 and 8 are satisfied; then, D;lﬁ (60) = Y Z,M(41Q)¢ /\/n + D MU' Ae + 0, (1),
where U = U — gp/ and where p = lim,, .o E [U'M%] /E [¢/M“¢].

Proof of Lemma S2-9: To proceed, note first that we can write

A (5)
(g = X5) M9 (y — X§) & { (y — X6) Ay — X9) }
o (y—X69) MZQ) (y — X4p)
- 2
—2X'A (y — X4o) (y — Xbo)' A(y — Xb9) 2X' M) (y — Xdp)
(y — X o)’ M(Z1Q) (y — X o) [(y — X60) M(Z1:Q) (y — X6)]”

(y — Xd0)' Ay — Xbo)
(y — Xbo)' M(Z1.Q) (y — X dp)
= X'A(y— X80) — € (60) X' MZ1Q) (y — X6)

= X'A(y—Xdp) — X' MZQ) (y — X§)

where A = P+ — M (Z’Q)DgM (Z2.Q)_ 1t follows from making use of the fact that
pp = FE [U’M(Zl’Q)E] /E [e’M(Zl’Q)é] and from applying Lemma OA-5 and part (c) of Lemma
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OA-4 that
D;;'A (59)
= D [X’A (y — Xdo) — £ (d0) X' MAR) (y — X(SO)}
= D'X'A(y— Xd) - 7(60) DX M#R) (y — X6)

Y 74 M(Z1@) ¢ 1o e Ae Kin

Y ZLM(%Q)¢
NG

+ D;lU’M<ZhQ>e]

T’zéM(Zl,Q)8 o , U M(ZQ)¢ Kin
= T+Du (U—éfp,) AE—EIAEDM W—p |:1+Op< o >:|
VKo e'Ae/ /Ko Y 25 M9 Q) Lo Kiny/Kon iy Kiny/Kan
n  &M%/n NG P n? P\ (i) n
YZaME Qe / L | U M(ZQ)¢ Kip
= T+DM (U—€p,) A€—€,A€DM W—p |:1+Op< n >:|
KQ,n Kl,n\/ KQ,n
+0, +0p | i —
n (i) m
Y 74 M(41.Q) 1 Kop Kiny/Kon
S - + D;l (U - Ep’),Ae + Op | —; max % , L 2
vn [l n n
Kop Kinv/Kop
+0, 20 ) 4o, [ RV En
n (i)
' 7! M(Z1,Q) 1 [Ky, Kiny/Kon
- Y Z,M™ e + DQIQ’AS + O, | max _ 2’", Lny 22, )
vn ppt Voo (pRtt)n
Y ZyMZ Qe
= T+DM Q’AE—i-Op(l). O

Lemma S2-10: Let Assumptions 1-6 be satisfied, and let &, be any estimator such that, as
n — 00, Dy (0, —80) /p2™ = o0, (1). Then, -D;* (83 (6) /85/> D' = Hy, + 0, (1), where
H, = Y'Z,M“Z1R) Z,Y /n and where
B) = - |[y— X0y MBD (y - X5) /2] [0QrrLir (6) /0]
= X'A(y—X68)—0(8) X' M7 (y — X§),

with
0(0) = (y - X0) Aly - X8/ |(y— X0) MAQ) (y - X3)] .
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In addition, we also have

DX’ [A —7(3) M(Zl’Q)} XDt = Hy, + 0, (1). (21)

Proof of Lemma 52-10:
Taking derivative of —A (§) with respect to d, we obtain

_9A(9)
90’
_ oxax— WXV AW =X0) gy  2X'MED (y— X6) (y - XO) AX
(y — X6) M(Z1:9) (y — X6) (y — X8) M(Z1:9) (y — X6)
(y — X6) Ay — X9)

[(y — X8) M7Q) (y — X9)]”

+2X' MZ1Q) (y — X6) (y — X)) MZQ X

= X'AX —1(6) X' M@ x

2X' M (Z1,Q) y— X0 R
(y— Xo) M(Zl,<Q) (y — ;5) {(y - X6) AX —1(8) (y — X6)' M(ZL@X}

OX'MZQ) (y — X5)  ~
7 A (9)
(y — X0) MZ1Q) (y — X0)

= XAX —((6) X'M“AQx —

so that evaluating —9A (8) /06" at § = 6,,, we have

—aAag‘,S") = X'AX —1(3,) X'MPDX —

2X'M#Q) (y — X6,)  ~

(y — X3,) M(Z1:Q) (y — X3,
2X'M(%9) (y — X5,) N
(y — X0,) M(Z1:Q) (y — X5,

- X [A —7(52) M(Zh@} X -

Pre-multiplying and post-multiplying the above expression by D;l, we then obtain

. {0A (3, -
_Du1< 855, ))D“I

= DX [A=1(3,) M@D| XDt~

2D, ' X' M(71Q) (y — X3,)
(y — X3,) M(Z.Q) (y — X3,)

Now, part (b) of Lemma S2-2 gives

_ Yz M4 z,Y
D,'X'AXD,' = —=2 - +o0p (1) =H,+0p(1), (22)

and, by part (a) of Lemma S2-2 as well as parts (c) and (d) of Lemma OA-6 given section 3 of this
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online appendix below, we have

0(3,) D' X' M A XD

(v = X5.)' A (v = X50) / (u5™)" iy D XM DX D
(y—Xgn),M(Zva) (y—XSn) /n " n

— 0,(1)0, (1) = 0, (1). (23)

It follows from expressions (22) and (23) that
—1 (5 7, -1 _ p-1 -1 _7(5\ p-1 7, -1
DX [A=T () MAD| XDt = DX AXD, 1 (3,) D X' MA Q)X D
= H,+0,(1).

where H,, = Y'Z,M“1Q) Z,Y /n. Moreover, making use of parts (a)-(d) of Lemma OA-6, we
further obtain

2D, X' MZ9) (y — X6,)
(y — X6,) M(Z1.Q )

2D, X' MZ1:Q) (y — X6,) /n
(y — X3,) MZQ) )

—
<
|
>
>l
3

(y—XSn),A(y—Xgn) (y—Xgn),M(Zva)XDljl
a (y—Xgn " M(21.Q) (y—Xgn) /n n
O

+o0p(1) = Hy +0,(1). O

dA (3,) Y 2y M(Z1:Q) 7,7
-1 n -1 _ 2
D ( >DM _ Tz

Lemma S2-11: Let {;, = Q <B> = ming 5 Q (B), where Q(5) is as defined in Assumption 9.
Then, 7, 1, is also the smallest root of the determinantal equation det [YIAY — XM (ZLQ)Y] =0,

where X = [y, X]. Assume in addition that condition (13) in Assumption 9 is satisfied; then, /7,
has the representation
~\/ ~
(v x0) Ay X3
(= — —, (24)
(y - XaL) M(#1.Q) (y - X(SL)

where ;S\L denotes the FELIM estimator. Moreover, X A (y — XSL> — ZLYIM(ZLQ) (y — X;S\L)
= 0. In particular, this implies that A (?&) = 0, where
A@5) =— [(y — X&) M(Z1Q) (y — X6) /2] <8@FEL1M (0) /65), so that &7, satisfies the set of (nor-

malized) first-order conditions for minimizing the variance ratio objective function @ reLiM (0) =
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(y—X06) A(y— X68)/ [(y — X5) MZ@ (y — X6)].

Proof of Lemma S2-11:
Note that the first-order condition for minimizing the objective function @ (8) can be written

as 9Q (5) /0B = 2X AX B/ (B’Y’M%@WE)

~y e —_— S Z 2
—6,X/AX6 <2X/M(Zl’Q)Xﬂ) / [BIX,M(ZLQ)XB} = 0. Pre-multiplying this first order condition
by the factor %B/YIM(ZI’Q)YB, we then obtain

0= [Y’AY X M&HQOX| (25)

where we have set 7, L =Q (B) = B/Y,AYB/ B/Y/M (Zl’Q)YB. It is clear that in order for there to
be a nontrivial solution, i.e., ﬁ # 0 such that equation (25) is true, 7, 1 must be a root of the determi-
nantal equation det {Y/AY —X'M (Zl’Q)Y} = 0. Moreover, since our goal is to minimize the value

of the objective function @ (), this implies that we should choose 7, 1, to be the smallest root of this
determinantal equation. Now, define 6 = —f35//3;, and rewrite the first-order conditions given by ex-

pression (25) as 0 = YIAYB — ZLYIM(Z“Q)YB = Bl {YIA (y — Xg) — 1, X M(%1.Q) (y — Xg> }7
so that, given the condition that ‘Bl‘ > C >0 a.s.n. for some constant C' (as stated in Assumption

9), we must have
X'A <y - XS) X M#Q) <y - XS) =0 (26)

Since X = [y, X], we can partition (26) into two sets of equations

0 T\ (y — Xg> — ZLy’M(Zl’Q) (y — Xg> , (27)

0 = X'A <y - XS) — U X' M(#Q) <y - XS) . (28)

~ ~ ~ -1 ~ ~
Solving (28) for 4, we obtain § = (X’ [A — ELM(ZLQ)} X) X' [A — ELM(ZLQ)} y = 0, so that

the FELIM estimator J7, is a solution to the second set of equations given by (28). In addition ,
note that, under condition (13) in Assumption 9, we have

R BIY/AYB Bl <y — XS)IA (y — Xg> Bl <y — XSL>, A <y - XSL)
EL = oy — —— = = — = = — 7 — .
BX M@QXE B <y _ X5> M(Z1.Q) (y - X6> By (y _ X5L> M(Z.Q) (y _ XéL)
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which shows (24). Furthermore, note that oy, also satisfies equation (27) since
A (y - XSL> — Oy M#Q (y - XSL>
— <y - XSL)' [A - ?LM(Zl’Q)] (y - XSL) Lo X [A ~ ZLM(ZLQ)} (y - X3L>
(y — XSL)' A <y — XSL) (y — XSL)' M(Z1.Q) <y — XSL)
(v — X01) MA@ (y - X3,

— <y - XSL)'A (y . XSL) .

O X! [A - ZLM%@)} y

5 X! [A - ZLM%Q)} X <X’ [A - ZLM(ZL@} X) Ty [A - ZLM<ZLQ)} y
=0

from which we further deduce that SL is a solution of the complete set of first-order conditions
given by (26). Finally, since A <5L> =X'A (y — XZS\L) — I X' M(Z1Q) <y — XSL>, the fact that

~

01 is a solution of (28) directly imply that 41, satisfies the set of (normalized) first-order conditions
for minimizing the variance ratio objective function. [J

Lemma S2-12: If Assumptions 1-6 are satisfied; then,
DX’ [A - HAF,nM(Zl’Q)] XDt = H, +0,(1), where H, = Y Z3M %@ 7, /n,

ZF,n = [ZLn — (1 — ZLm) (C’/mn)} / [1 — (1 — ZLn> (C/mn)}, and ZL,n is smallest root of the de-
terminantal equation det {YIAY — EY’M(ZLQ)Y} =0, with X = [ y X ]

Proof of Lemma S2-12: The result follows directly from applying part (b) of Lemma S2-7, parts
(a) and (b) of Lemma S2-2, and the Slutsky theorem. [

Lemma S2-13: If Assumptions 1-6 and 8-9 are satisfied; then,
DX |A- ZF,nM(Zh@] (y — X80) = Yu [1+ 0p (1)], where Y, = T/ ZEM(#1:Qe /\/n + D 'U’ Ae
with U = U — ep/ and p = lim,, . E [U'M@] /E [¢/M%¢].

Proof of Lemma S2-13: R
Note that, by Lemma S2-11 above, /1, ,, has the representation

(y . XSL,H)' A (y _ XSL,H)

(v- XSL,n)' MR (y = Xo,) '

KL,n =

Next, from expression (12), we have Zpyn = ZL,n + 0, (n‘l). It then follows, by tedious but
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straightforward calculations? and by making use of Assumptions 1, 2(i), 3-6, and 8 that
D, 'X' {A - ZF,nM(Zl’Q)] (y — Xdo)

~ 1
— D'X'A(y — X60) — lp.n D X' M9 (y — X50) + O, <5> 0, <L>

min
Hn

Y 7! M(%1,Q) ! A ' 7! M(Z1.Q)
= =+ DU e = o L4 0, (1)] 275 + D UM
1
+0, ()
e
Y7L M(Z1,Q) ¢ 3 U M%)
= 27 =+ Dul (U — Ep,)IAE [1 + Op (1)] — E/AEDul W —p [1 + Op (1)]
VKo e Ae)\/Kan Y ZHM(Z1:Q) ¢ 1
— =~ = (140, ()] 4 Op | —=
n e'MQe/n Vn U
T,ZéM(Zl’Q)E 1 / 1 KQ,n Kl,n K2,n
= T+DM (U—¢ep) Ac[1+0,(1)] + Oy Wmax = -
VK 1
+Op( 2 >+O ( mm)
n T

Y/ 74 M (%@ ¢
ol v e

D;lglAe> 140, (1)], where U =U —¢p’. O

Lemma S2-14: For any a € R? such that ||a|| = 1, define by,, = Zﬁlﬂa, ban = o /ngnD;lEﬁlﬂa,
U (it)m = 02U i)
—1/2 ~ ~
K2,na/2n / DM 1Q(i,t)’ U%i,t),n =F [e%i,tﬂfnz}a w(i,t),n =F [ﬂ27(i,t),n€(i,t)|fnz:|7 and w%i,t) =

E [g% (i) n|]:nZ } If Assumptions 1-2 and 5-6 are satisfied; then, the following statements are true.

(a) Zm" Z(;:i))_:ll 1 T Z, M(ZLQ /\/_] (A(z t),(4,s) /\/ Ky n) { (7, s)i(i,t),n +Q2,(j,s)a%i7t)7n} =
0, <K1/4/ mm) =0, (1).

s (3,6)—1 - min\ —2  —
(b) Z(i,t):Q Z(j,s) (A%%t JQS)/KQ’") (E%J}S) N U%JES),H) w%@t),n =0p (KZ" (k™) “n 1/2> = op (1).
Mn (i.¢) ~ min\ — -
(€) D itye i (A%z,t G/ K?ﬂ) < U3 ym ”%j,sxn) tiym = O (Kln (i)Y 2) =
op (1).
Proof of Lemma S2-14:

it)—1
To show part (a), first let 20, Z(l e QZEji)):l [0}, Y Z5 M (%19 e/ V] (A G.s)/ v/ Kon)

=1
-1

X {5@7 W (i6)n T Y2,3s)n ?z Hn } By taking expectation and applying the triangle inequality, we
obtain E [QU,%U—}LZ] < Hi+ Ho + Hs + Hy4, where Hy = Z }n‘l [b’ T’ Z’M(Zh )e(z,t)]

Mn

(3,t),(k,v)=2

2Further details are available from the authors upon request.
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x (05,0 ZM P e 1,0 1), El(l;,i:){:(if)’(kyv)}_l <A(z’,t>,<j,s)A<k 0).6)9 Gy Kz:”) ’
LD ([0 2500 (ZI’Q)%'@] (1,7 2 M7 Qe )] /m) of; ) Wm )

x ZZT:){SQ’(W}_I (A6060 Ak 600G/ Kan) | Ha = 3200 o In~! [T Z5M ey
x [0, Y ZM P Dey ] 0F, ) i m ZZT:){_(TMW)}A <A<zyt>,<j,s)14<k7v>7<j,s D on/ Ko |

M= D00 s )([banr'ZQMwh@e@,t)J B T ZME Qe ] ) o2 ) 102,

X ZZT:){:(Z‘IJ)“’U)}?I <A(Z 0,0, S)A(k 0),(j,5) /Kg n) . Focusing first on H;, we obtain, by apply-

ing the CS inequality,

Hy

mn Vi, Y Zy M @e; el

n £)€(i0)
2 .

(1,0),((k,v)) =2

. . 2
y i i mm{(“%(:k’“)}l A1), A0, )
K2,n

(3,6)=2 (k,v)=2 (j,8)=1

~2 2
M(Zl’Q)ZQTblnw(i,t),n bﬁnT'ZQM(Zl’Q)e(k,U)6/(;“,)M(Zl’Q) Z2Yb1n ¥ (0

IN

Applying the CS inequality, Assumption 2(i), part (d) of Lemma S2-3, and Lemma S2-6, we obtain

=  max +/K3,E Hﬁ(z’,tﬂ'(i,t)Dﬁ = I/QQ‘ |f'”Z]

max ’1%(1 )

1<(3,t)<mn 1<(%,6)<mp,
\/ KQ n _1 2
= mm \/ > 1< rz%ai(mn E {8%"”‘/)|F’LZ} 1g(?,1t?§mn E [HQ(“)’L |}—"Z}
vV E2n
— Ous. ( (umi)> (29)

Moreover, by direct calculations,
2

min{(¢,t),(k,v)}—1 _9
DD DI <Z =1 A60,65) 400,69 G/ K2n> = Kyntr {LD2L'LD 2 L'},
Where L is the lower trlangular matrix such that L) (j.s) = A6, 11 t) > (4,s)} and D2 =
diag (0%1’1)’71, ....,a%n’Tn)7n> = diag (ain,....,a?nmn) and where O'%i’t)yn =F [e%i,t)|.7:nz} for (i,t) =
1,...,my. In addition, by the result shown in Lemma OA-11 (given in section 3 of this appendix),
we have ||[LL'||p = Oq.s. (\/K2n). Using these results, we further deduce, by applying the CS
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inequality, Assumptions 2 and 3(iii), and part (d) of Lemma S2-3 that

-~ T Z ZQTbln
< . 2 / /
Hl > <1<(7,n:1t?§mn w(z,t),n> < ) K \/t’r {L LDO.ZL LDaz}
2
- v, TZQZgTbln ) " L
= <1<é{§";‘§mn w(z,t),n> ( ) o (tr {L'LD2,L'L})"" (tr {D,2 L' LL'LD,2 })
2
7 T 22Z2Tbln ,
< . LI
< (ms o) (s, oton) (22 ) e,
VE2n
) O”'( '272>' (30)
(™)

Similarly, let DJJ = diag (1;(171)77“ ....,@(an)m) = diag (1;17”, ....,1~bmmn), we can also show

~ X' ZLZ5Yh 1
< ) 2 1in 242 1n / T/ .
s <1§(zmté)l§m ¢(”t)’”> <1s(zmt?§m UW)’”) < n Ko V! {L LDgL LDw}
2 / 171l
~ Y'ZZ5Th 1
< . 2 1n 242 L VIn LL
- <1<&?§m w“’”’”) (K(i%?i(mn U‘””’“) ( n Ky, IEL
VK2
- Oa.s. (ﬁ) ) (31)
(™)
and

2
~ b, Y'Z7Z5Th 1
2 1n 2421 9n /
H3 S <1S&?§mn ’¢(i,t)7n ) <1S(Iirylt?§mn U(’i,t),“) < n > K27n HLL HF

_ o (vKM) | (3)

in\2
(™)

~2

Moreover, let D~ = diag ("NJ%M)W ....,w(ann)m) = diag (@%n, ceees o??nnn), and note that

2
by, X' Z5 ZoYh 1
2 in 242 Yin
H4 S < max O—(’L',t),n> < ) K27n \/tr {L’LDaZ L,LDGQ}

1<(i,t)<mn n

2
b, Y7 Z5Ch N ILL|
2 1n 2421 Yn 2 r
<1S(I'L'Ivltf)i§mn U(i,t),n) ( n ><1§&?§mnw(i’t),n> K27”

_ o.. <_\/K2" ) , (33)

in\2
(™)

IN

where the order of magnitude above is calculated by applying Assumptions 2 and 3(iii), part (d)
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of Lemma S2-3, and the fact that ||LL'||; = Oq.s. (w /ngn) and by making use of the result

~2 _ 1/2 1 A —1y—1/2
<, S =, Kent 5y PDE (Ul 7| D1
) K " /2—1
< max FE HQ(”)H | FZ L@a
1< (i,t) <my, 2 (pumin)
Ky
oa.s.( = 2> (34)
(k™)

which can be easily deduced from part (d) of Lemma S2-3 and Lemma S2-6. Combining (30)-(33),
we obtain F [QH%\}"TLZ | = Oas (\ /Ko (™)~ ) Hence, by the law of iterated expectations and

by Theorem 16.1 of Billingsley (1995), there exists a constant C' < oo such that, for all n sufficiently
o ([ R ) s ([t 7

< C. It follows from the Markov’s inequality that

W, =3 Z(;’?): (W4, 7" 25 M EDegs /] (Agigy 5./ v/ Rom) {26,901 + B n s }
=0p <K21/n4/( ?m)> = op (1).

For part (b), note that, by Assumption 2, the symmetry of A, part (c) of Lemma S2-1, and
expression (34) above; we obtain

2
{ ( Z Z (z t),(4,5) ( lis) — U%j,s),’fl) a%i,t),n) .7:5}

(i)=2 (j.5)=
my, min{(:,t)—1,(k,v)—1}

2
= Z > > A1, Al 1. it) (km)E[(f?j,s)—f’?j,s),n) Iﬁﬂ

Ko (i,t)=2 (k,v)=2 (j.5)=1
< 1 i": % A2 A2 ~2 ~2 {E[4 ‘fZ}_i_ 4 }
= R (5,8),(5,8) “(,0),(5,8) Y (i,8) ;Y (ko) n G | T 93Gs)n

21 (4,5)=1 (i,),(k,w)=1
(4,)#(4,8),(k,0) £ (3,5)

= Ous. —74
(k)" n

Hence, there exists a constant C' < oo such that for all n sufficiently large

( InlIl 4 mn 7/7t) ( ) 2
it s ~
E { ( Z : ( Gs) J?js)m) W%@t)m) ]

K (i,t)=2 (j,5)=1
2
4 m (i,t)—
(/‘gun) n - (@1),(,8) 2 ~92 A
= Bz [—K%n E Kzn (T = olionm) T | 17
' (4:t)=2 (j,s)=1
< C
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It follows from the Markov’s inequality that for any € > 0,

L 0.Gis) (2 ) . o
<€(j75)_0(j,s),n> Wiit)n| = ?)

. 2
in\ 4 my, (’L,t)fl 2
(M?m) n - A(ivt),(jys) 2 2 ~92
= Pr ( K2 K. (e(j,S) - O—(j,S),n) Wityn | 2

(i,t):Q (]75):1 2,n

ol

| L) > (zX):IA% 2.0 ( i 2
< =B |2l — 2 (e = 0l ) Dm
C K2,n (i,t):2 (j,s):l KQJZ J j
< €

for all n sufficiently large, which shows that

My Z,t)
i),:5) 2 ~2 Ko, B
K ( j,S) o O-(jvs)vn> w(i7t),7'l - Op ((ﬂ%lm)2 \/ﬁ) - OP (1)

(4,t)=2 (j,s)=1 2n

For part (c), note that, by Assumption 2, the symmetry of A, part (¢) of Lemma S2-1, and
expression (34) above; we get

my  (i,t)—1 2
E { ((Z Z —L2s ( 2,0 >—5?j,s>,n> J%i,t),n) rad }

i,t):?(], :1

mn my, min{(i,t)—1,(k,v)—1}
_ 2 2 2 2 2 A
- Z > A0, A00),6.97 @0 () n P [(ﬂz,w,s), = & n> [F }

nn=2(kho)=2 (sl

Mn Mn

2 2 2 2 4

< K§n Z > A0, A0),,9) 7 (0,6) .m0 (o) m {E [%(aps),n’f }+w(3,8) }

( ) (i’t)v(k’v)zl
(Z £)#(4,5),(k0)#(J,5)

Ous. | ——
(i)

where, in obtaining the result above, we have also calculated the almost sure order of magnitude
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of B {gg (iss) |FZ } as follows

E[ 3 o ny] - E[(\/maz 2p- 1U”> |ﬂ}

2
= KiuP [<a'25 VDU G Ul Dy S Wa) ‘fnz}

IN

E [HQ@J)H;VE] [@'55a)? (;;_gn,}l

K3,
Ou.s. ( (Mmi’n)4> : (35)

using part (d) of Lemma S2-3 and Lemma S2-6. Hence, there exists a constant C' < oo such that
for all n sufficiently large

2
E !( 7. (Z Z (Zt) = ( 30,3)—@@,8),”) U?z}t)m) }

2 (4,5)
(,U,mm)4 ﬂ my  (i,t)—1 A ) ( 2
n Z S ~
- EZ K2 Z Z K . (gg’(jvs) B w%jas),n) U%i,t),n ‘ff
2,n (i,t)=2 (4,8)=1 2n
< C

It follows from the Markov’s inequality that for any € > 0,

m1n m,  (it)—1 A2 B U
Pr ((N o Z Z (zt +(5,8) ( 5.i.5) _w%j,s)’n) U%i,t),n > ?)

J>8

2
mm my (4t i 5) _ 6
= Pr (( K2 ( Z Z ( DG, (u%,(j,s) _w%j,s),n> U%z',t),n Z e)
2n (4,t)=2 (4,s)=
c ( mm my  (i5t)— 1 ’
]3 ~2 2
< FF Z > ( ) ~ D), n) I(it)n
i,t)=2 (j,5)=1

< €

for all n sufficiently large, which shows that

mMn (7, t) 1
“(t),(9,8) ~ K2,n
Z Z ( 3 ,(7,8),m w?j,s),n) U%@',t),n = Op ((M?inf \/ﬁ) = 0p (1) ’

)=2(j,8)=

as required. [

Lemma S2-15: Let {X; ., Fin,1 <i<k,n>1} be a square integrable martingale difference
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array. Suppose that for all € > 0

kn
> E[XZI{|Xinl > €} |Fiin] £ 0 (36)
and
k’ll
Y E[X7|Fiiin] &1 (37)

kn
Then, " Xin < N(0,1).

Proof of Lemma S2-15: The proof of this central limit theorem for square integrable martingale
difference array is given in Génsler and Stute (1977). See also Corollary 3.1 in Hall and Heyde
(1980).

Remark: Note that a sufficient condition for condition (36), which we will verify in lieu of (36) in

the proof of Theorems 2 and 3 in Appendix S1, is the following

kn,
Y E UXM\M} 2,0, for some & > 0. (38)
i=1

Lemma S2-16: Let L, be a sequence of | X d nonrandom matrices (with [ < d) such that
~ 2 — —

‘ L, - < C < oo for some constant C, and let ¥o, = VC (Dlle’As\}"nZ)

= DilVC’ (U 'Ae|FY) D*1 Assume that there exists a positive constant C' such that

Amin (( mm) LoH;'%, anlig/KQ n) > C > 0 a.s.n. Furthermore, let a € RY such that ||all, = 1

‘ /2 ~
and let w, ; 4y, = @' ((umm) LoH; 'S0 H L Ky, n) L,D; o 'U.y- Let Assumptions 1-2 and

5-6 be satisfied and assume that ( mm) /K2, =0(1) but
K2/ ( mm) — 0. Under these conditions, the following statements are true:

(a) [ (™) / Ko Z”) QZEJt))_:ll A o) (22 Gpn = B 22l FE] ) B |22\ FE ]
=0p ( 1/2) =0p (1);

) [ ] S0 S0 Ay (g = B [0 7] B[220,

_O ( 71/2) Op( )

Proof of Lemma S2-16:
To proceed, note first that Lemma S2-6 along with the assumptions on
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Auin ((#22)? L Hy 0,0, L ) and

2 7 / (mm) LoHy 'S Hy ' L, I 1
E [ua,(i,t),n‘f‘n} = a Ko LnDu E [Q(zt)Uzt)‘F

together imply that

~ ~ —-1/2
D17/ ( gﬂn) LanIEZ,anlL% /
’ " K2,n ¢

| WAXI<(i)<my, E [HQ(“) H2 |}—nZ]

(umin)® \ ((ugin)2 LoHi S0 Hi VI K, n)

= O ((M;H)Q) (39)

(#?ln) Ean_lzlanlz'lrL 71/25 DflU U/ D*lz/
a ny (i) =(it) T Hn

F

IN

and that

E[ﬂi,(i,t),n’fﬂ = B K>y,

—1/2 \ 2
m1n LHIE HlL/
(L T ) ) 7

K2,n

, maxi < (i .¢)<m, & [HQ(“) H4 |;an}

min )4 T 2
(:un ) [)\min <( mln) L H, 1227@ glL%/Kln)}
1
Oys | —— (40)
((M?m)4>
For part (a), define

= [ K] 50,30 Ao (e = B[40 #8]) B 3R], and

note that we can apply Assumption 2(i), part (c ( ) of Lemma S2-1, and the upper bounds given by
(39) and (40) above to obtain

E[3,F7] < (/272 > > (A%zt)( Al E [S%i,t)fﬂz]E{ﬁ?k,u)Vﬂ

2 (Ge)=1  (it),(kw)=1
(6,8)7(7,5),(k,0)#(j,5)

. X{E[ﬂixjys),ﬂfﬂ + (B [1.600177]) }>

F




Hence, the law of iterated expectations and Theorem 16.1 of Billingsley (1995) imply that there ex-
ists a positive constant C' < oo such that, for all n sufficiently large, F (nS%) =FEy (nE [3%|fnz]) <
C'. Application of the Markov’s inequality then implies that 3, = O, (nil/ 2) = 0p (1), which shows
part (a).

For part (b), we can apply Assumption 2, part (¢) of Lemma S2-1, and the result given in
expression (39) above to obtain

2

E Kgn Zz(g; A ):(3:s) < o F [E%j,s)|FrLZ:|> E [ﬂz,(i,t),n‘fﬂ |7

( m1n 4 mn  my min{(t)-1,(kv)-1}
= KL, Z Z > (A?i,w,(j,s)A%k,v),(m

(i,t)=2 (k,v)= (j,s)=1
xE [ Uy (i4),n T } [ 2,(k,u),n|fnz] B [(5?]‘75) - b [5%j,5)|fnZD2 |chnZD
min\4 mn My

= (lzg n) > (4216948060 B 12,600l FE | B [42 10l 7

) (j,s):l ) (i’?)7(k’v):1 .
(i,t)#(4,8), (k,0)#(4,5)

Hence, the law of iterated expectations and Theorem 16.1 of Billingsley (1995) imply that there
exists a positive constant C' < oo such that for all n sufficiently large

mm 2 my 2
e z:2(2): 40,69 ( Gy~ F [E%j’s)’}-ﬂ) E [ﬁz’(i’t)’"’fﬂ
J»s
m1n mn (5t)—1 2
= EwqnE Z > Ao (i — B b FE|) B 2 6l 2] | 177
=2(j,5)=1

< C

For any € > 0, set C. = 1/C/e, and it follows by Markov’s inequality that, for all n sufficiently
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large,

min)? (it)—1
( K2n Z X):IAW (G:5) <€(a o~ F [5%j,s)|fnZD E [u§7(i,t)7n\fﬂ > 65)
(i,0)=2 (j,5)—

2y

mln 2 mp (1)-1 2
- ( Z Z Al ( Gs) T [5%j7s)|fnz]>E[ﬁz,(i,t)mVﬂ >U§)

(3,6)=2 (4,5)=1

[ min\2 mn (it)—1 2
1 [T -
= "k <(K2 n) . D Ainge (f%m —E {f%j,s)’ﬂZD E {HZ,(i,t),nfr%) ]
€ | ’ (4,6)=2 (4,s)=1
< L _.
— CJe

which shows that

(i,t)—1

min)2 Mn
(‘}?2,3 S Y Ao (o~ B il F]) B[ 6l 7]

Lemma S2-17 Under Assumptions 1-6, D' X"AD (e o) AXD,' = %y,

mMn 1 _ Z ) Z )
T D 0ty Gl D G Dy op (1 ),wherezl,n = Y'ZyM PR Do MA@ 2, [,

; _ Z
a%@m [ 1) | F2 } D,: = diag (0%171), ...,a%ann)>, and ¥ = [U(j,s)U(’jﬁ)]fn]
Proof of Lemma S2-17: To proceed, using the fact that AZ;0D,;/\/n =0 and AQ = 0, we can
write

D D
D'X'AD (o) AXD,* = D! (\/—%O’Z{ + \/—%T’Zé +2'Q" + U’> AD (e0¢e) A
D, D _
x <Z1®% + Zg’r\/—% +QE+ U> D!
Y'ZLAD (e o) AZyY

— - +D,'U'AD (e 0€) AUD,

Y'ZyAD (e 0e) AUD,'  D'U'AD (coe) AZY
+ NG + NG
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Hence, by applying part (b) of Lemma OA-8 as well as (a)-(e) of Lemma OA-9, we obtain

Y/ ZL M (7@ D M(21Q) 7,
n

- D ALngeE [E?z,tﬂf " } D,'E [U(j,s>U{j,s)\fﬂ D"

D,'X'AD (e0e) AXD,," —

(i,t),(j,s):l
(6,8)#(J,s)
_ Y'Z4AD (e0e) AZY ' Zy M (%@ D, M(Z1:Q) 7,7
n n

D, UAD (0 ) AUD, = Y ALy 0B €0l FE) DB (U Ul |1F7] D!

)

(i5t),(5,s)=1
(i) #(7,5)
+T’Z§AD (e0e) AUD,? N D 'U'AD (e 0€) AZyY
vn vn

= o,(1). O

Lemma S2-18 Let Assumptions 1-6 and 8 be satisfied, and let {3 } be any sequence of esti-
H 2,0 as n — oo, as long as m/( mm) — 0. Also, define the
following notations: let & = M(%4Q) (y—X&n), J = [M? oMQ] , 51 = X'AD (J[eoE]) AX,
Sy =(208) J(Ao A)J (B0 MZRX),

Sy = (£08) J (A0 A)J (8o T) with T = MEQX — &, Sy = (£08) J (A0 A) J E0?),

Sy = (8,0 MPQX) J (Ao A)J (Byo MZRX), 5, = (aglo Q)'J(AOA)J(%O 0), and
Sin = T ZMEQ Doa MZQ 25X /. Tn addition, define o2, ) = B [, |]-“Z}

D2 = diag (0?1,1)’- SO, ) Suny = E [UineanlFr], un = E [U @)U Fn }

Sy =F [Q(i,t)s(iﬁt)]}“n } and W, ) = [Q(m Q’(i,t)m} where Uy ) = Ugig) — pegisy and where

for notational convenience we suppress the dependence of O‘%M), Pty Yt Q(i, . and W on

mators such that

FZ =0 (Z). Then, under the above conditions, the following statements are true.

(a) D;'81D," = 21H+ZM (mA% 0.9 6y P " o) Dt
+op <max{1,K27n ( ?m) 2})
(0) So/Kan = Kah 3700 s rnirm Mool =00 (1)
(c) Dy'SaDyt — ZZ:),(j,S)zl,(i,t#(j,s) A%z‘,t)v(y 5) b 9609 D = o (K2 n (™) 2)‘
(d) (™) K2m) SaDpt = (up™/ Kon) Z:Z:)v(j,s):l,(,-7,&)#(];5) Ali.G.97 P9 Pt = o (1).
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(e) D'pn = Op <(u7‘?i“)71> and D' (b, —p) = 0p <(u£{““) 1>, where p = limy, o0 p, =
limy o0 (E [U'M%] /n) / (E [¢M%] /n).

-1 -1 _ Mn 2 -1 ’ -1 _ min) —2
(®) Dy §4D“ Z(z’,t),(j,s)=1,(z',t)7f(j,s) A(iﬂf),(J}S)D# Q(i,t)?(j,S)D“ % (K2n( Hn ) )

mn

(8) (un™/Kon) = (™ Kaz) Z(i,t),(j,s):l,(i,t)yé(j,s) A7)0 P = o0(D):

Proof of Lemma S2-18:
To show part (a), note first that, by making use of the decomposition M (2.Q) = M@ — PZL,
where PZ" = MQZ (7/MQZ) ™" Z/M@, we can write

z = MZQ <y - XSn)
= MZQ (y X [50 — +SnD
= M%) (y - X50) - MEDX (3, b0)
= MZ (Zp, + Qa) + MEZQDe — y2Q X (Sn - 50>
— MZQ._ 2 x <5n _ 50>
- _MZQx (En _ 50) + M@ — pZhe,
from which we obtain
JEoz] = J[MZAX (5, -8) 0 MZDX (5, - 8)| +J [M% o0 M%]
+J [PZLE 0 PZLE} —2J [M% o MZQ X (Sn - 50”
27 [PZLE o MZQ x (Sn - 50)} —2J [MQs o PZ%} (41)
where J = [M@ o M®@] ™" Substituting the right-hand side of (41) into covariance matrix estimator
D 'X'AD (J [Eog]) AXD, ', we get

D, 'S$iD;;' — D' X'AD (0e) AXD,!

= D,'X'AD(J[E0g])AXD, " — D' X'"AD (o) AXD,*

= Tin+Dn+Dn+Tan+Tsn+Ton+ Trn+ Tsn+ Ton + Tion,
where 73, = D' X'AD (J [M@Q)X (Sn _ 50> o MZQ X (Sn _ 50>D AXD; Y,
Tom = D, P X'AD (J [M@e 0 M¥e]) AXD,;' — D, *X'AD (s 0 ) AXD,/ ",
Ton = Dy X'AD (1 |[P# c0 P2 e| ) AXD,Y,
Tin = ~2D; X'AD (J [ M%% o MZQX (3, — b0)| ) AX DY,
Ton =20, X'AD (J [P7"c o MUZQX (5, — 6| ) AX D, ", and
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Ton = —2D, ' X'AD <J [MQa o PZLaD AXD;*.
Consider the term 77 ,,. Let G; = {(£,h) : ¢ =4 and h = 1,..., T;}; and note that for any a,b € R?
such that |lally = ||b]|, = 1, we have

dTiabl = | >0 > > D dDMX e A G i)

(i7t):1 (j’s)#(i’t) (k’v)7é(i’t) (p7Q):1
Z, " < ! Z, -1
Xe/(p,q)M( Q)X (571 - 50) <5n - 50) X/M( Q)e(p,q)A(i,t),(k:,v)el(k;,v)XDu b

- -1
= |2 D @D X Ann
(ivt):]- (j’s)#(i’t)

Mn = = ,
X Z J(i,t),(p,q)]l {(p, q) € QZ} 6’(p7q)M(Z’Q)X <5n - 50) (5n - 50) XIM(Z’Q)B(p’q)
(p,q):l

E —1
X A(iat)7(k’v)e/(k‘7’l})XD/—L b
(k) #(i,t)

where Ji; ), (p,q) 18 the element in the (i,t)" row and the (p,q)" column of the matrix J for
(i,t),(p,q) € {1,...,my}, where I{-} denotes an indicator function, where e(;, is an m, x 1

elementary vector whose (7, S)th component is 1 and all other components are 0, and where the
second equality above follows from the fact that Ji; ;) ) = 0 for p # i due to the sparsity (or
block diagonal nature) of J. Now, let D>/ (M(Z’Q)XX/M(Z’Q)) be a diagonal matrix whose (i, )"

. . T; . .
diagonal element is given by Zq:l {J(M)’(i’q)’ 6/(i7q)M(Z’Q)XX,M(Z7Q)e(i,q). Applying the triangle
inequality and the inequality |XY| < (1/2) X2 + (1/2) Y2, we then obtain
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My, T;

‘a'Tl,nb‘ = Z a'D;lX/Ae(i’t) Z J(i,t),(i,q)ezi,q)M(Z’Q)X (gn - 50) (gn - (50),
G,t)=1 q=1
XX MEe g ef, o AX D
< 5 Zn Z{‘Jzt (i,q) zq)M(ZQ) (gn_(S()) <gn_50)/X/M(Z7Q)e(i,Q)
=1¢=1
Xa D*IX Aeg, t)e'(i t)AXD*Ia}
2 Z Z {}J(z 0.6l g MPOX (80— 80) (6 - 50)/ X'MEQe,
=1¢=1
X' DX e ¢l AX Dy b}
< L5 H o D X AD™! (M(Z’Q)XX’M(Z’Q)> AXD;'a
+ b — 6OH VD, X' AD™ (MEQX X' MZD) AX D, (42)

By tedious but straightforward calculations, we can show that

D X'AD® (MEQX X MED) AX Dt = 0, (max {1, Koo (1) %} ). Hence, given the as-
sumption that Hg" — 50”2 2,0, it follows from expression (42) that

|a'T1 nb| = op (max{l,Kg,n( ﬁm) 2}) Since the above argument holds for all a,b € R such
that |la|l, = [|b]|, = 1, we further deduce that 77, = o, (max {1, Koy (pmim) ™~ }) By following a
similar method of proof, we can also show that 7j,,, = o, <max {1, K>, ( ?m) }) for k=2,...,6.

The fact that 7, = o, <max {1, Koy ( ?m) }) for each k = {1, ...,6} further implies that

6
oyl e - Kan
D'S\D,t = D' X' AD (e 0e) AXD, = T =0, (max {1, - }) (43)

2
P (k™)

Moreover, by the result of Lemma S2-17,

D'X'AD (e0e) AXD, = S10+ Y Al 900 Pn Vis Dyt +op(1). (44)
(z7t)1(‘77s):1
(1,0)7(5.9)

Combining (43) and (44), we further obtain

- - mn — min) —2
Dulle,ul — El,n+ Z(Lt (Y=L (i Gs) A?ivt) G, ) @, t)D \I/( )DM1+Op (max {1,K2,n ( Hn ) })7

which shows part (a).
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To show part (b), write

S3 1
K2,n B Kgm Z A(”) (G.s)9 ( )U(js A+ 2,
b
where
S3 1
A = Kz,n_KQ,n Z) 1A< £),(J, )( )%s)
l ,J,S
(4,8)#(J,s)
o 1 mp , , ) . 2
TR 2. Ao (6@,@6@,5) —0<m>‘7<j,s)>
2n . X
’ (7/7t)7(.775):1
(4,t)#(4,5)
ane where

S3=(€02)' J(Ao A)J(Eo?)

To analyze the term A, note that, by direct calculation, we can obtain the following decomposition

1 T; L,
4= %, Z) IA%i,t),u,s) {};J(i,t),(i,h) el MZD (y = X3,)]

2
~\/ Z 1
x> JGs)io) [(W“n) M Q)e(m] }—KM Z A(z 0,655 Grs)

(i,t), (4
(t)( )

50



where

1 mn Tj

Al - K2n Z A( ,(4,8) ZJ“‘/ Zh)( Zh)MQ) X;J(]s)(jv)<( )MQ>
7 (4,t),(4,8)=1 v=
G 3:>(J<) )
1
_Kgm( Z A0, G E G0t
@ %)(;é(a)s)
4 L ~
A = Ko 2, Ao {ZJ(”) i (el P? e+ lmMODX [0 — o] ) (el M%)
" (4,t),(4,8)=1
(it >J())
8 Z‘]“ o (g P7 e+ iy MPDX (5, - b0 ) (e?mMQE)}’
1 Jin T % )
A= 2. ) Al 6o {; UGONED [e/(i,h)PZLg‘i‘e,(¢7h)M(Z’Q)X (571—50)}
wgs -
3 1opZete. MEQXx (3 2
X Zl J(j78)7(j7’l}) |:e(j,’U)P €+ e(j,v)M X <5n - 50)} )
-
2 Un N 5 ) 0.\2
A = - Ko . A(i,w,(aps) XQJ(j,s),u,v) (e(j,v)M E)
Chacry N
T;
3 (o =140 ) (00|
h=1
1 Jin A )
A = gr 2 1A< ) {ZM i) (€lamy P? e+ elumMZDX (5, — 6o )
7 (3,t),(7,8
Gy
Tj
XZJ(JS)(JU)( €{jyM e > },and
v=1
2 2 3 )
e _E’”u );5)1 R {ZJ” 1 ( WP et ey MPQX {5”_50D
G2 0s)
Tj
S i (a4 105 8] (0% |
v=1

It then follows from part (d) of Lemma OA-14; part (e) of Lemmas OA-15 and OA-16; as well as
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part (c) of Lemmas OA-17, OA-18, and OA-19 that

S 1 Gl ) s
A - K?n B K2n Z A(i’t)’(j’s)g(i’t)g(jvs)
’ 7 (4,8),(4,8)=1
(1,8)#(4,s)
= A1+A2+A3+2A4+2A5+2A6:Op(l). (46)

mn .

Now, for the term A = KQJJ; Z(i,t),(j,s):l,(i,t);é(j,s) A?i,t),(j,s) (5%2.715)5%].’8) — U%i,t)a%j,s)>’ it can be
shown by straightforward calculation and by using Assumptions 1, 2(i), 5 and 6 and Lemma S2-1(a)
that £ [212|]:nz ] = Og.s. (n‘l). It then follows by application of the law of iterated expectations,
Theorem 16.1 of Billingsley (1995), and the Markov’s inequality that

1
= — . 4
A= 0, ( ﬁ) (47)
Combining (46) and (47), we get
S3 1 - 2 2 2 1
T s 2 A6l = A+ 8= 1)+ 0, 7)) =
’ " (E1),(4,8)=1
(i) 7#(4,5)

which shows part (b).

The proofs for parts (c¢) and (d) are very similar to that of part (b). Hence, to avoid duplication,
we will not provide detailed proofs of these parts here.

Turning our attention to part (e), note first that, we can write

XMEQ) (y = X3,) fn
Pn—P = ~\/ ~ —P
(y B X5n> M(ZQ) <y _ X5n> /n

X' MZQ) <y - X3n> /n—U'M@Re/n + U'MZRe /n

(v- X3n>/ MZQ) (y = X3,) fn— ' Mc/n + ' M/n

where p = limy o0 p, = limp—oo (E [U'M@e] /n) / (E [¢'M%] /n). By straightforward asymp-
totic analysis, we can show that

X' MZQ) (y - XSn) U (70Q) <

= 1
n n Op( )7
~ / ~
_ (Z,Q) _
(v-XB,) MEQ(y-XB.) oym0e "
n n pAT
eM(Z1Qe M@
- = Op(1)7
n n
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U MZ1Q)¢ 1 Kin
e PO (mX{ﬁTD = o (1)

Next, note that, under Assumption 6(i), 7; > 3 for all ¢, so that T%:l > % for all . Hence, by

Assumption 2(ii), there exists a positive constant C such that F [E?z t)]}"nZ } > C >0 a.s., so that

Bl _ %Ez{ii[(%l)}E[e%mifﬂ}

AV
w
:|‘°
N
[
\'M:
=
=
(L)
N
X
—

n T;
2 1
> —FEz [ c
n °

> =C>0

2my, . a
= §TQ (smce My = ZTZ )

i=1

for all n sufficiently large. It follows from these results that p,, —p = [U/M(Zl’Q)é/ (e’MQE)] —p+

op (1) = 0p (1) and [[p,[ly < [, — pllo + llplly = Op (1).
Now, let a € R? such that ||al|l, = 1; and note that, by applying the CS inequality, we have

PN 1 . 1
|a'D "D, < D) [Pnlly = Op <W> ; (48)
1 1
dDt(p, —p)| < — [P, — plla =0 <—>, 49

Since the argument above holds for any a € R? such that |a|l, = 1, we further deduce that
D 'p, =0y ((uﬁin)A) and D' (D, — p) = 0p ((uﬁin)A), which shows part (e).
Part (f) can be shown by applying the results of parts (b), (c), (d), and (e) of this lemma as

well as part (a) of Lemma S2-1 and Assumptions 2(i) and 3(ii). Part (g), on the other hand, can
be proved by applying the results of parts (b), (d), and (e) of this lemma. O

Section 2: Proof of Lemma 1 of the Main Paper

Lemma 1: Suppose that Assumptions 5 and 6(i) are satisfied. Then, there exists a positive
constant C' such that
Amin <M(Z’Q) o M(Z’Q)> >C >0 a.s.

for all n sufficiently large.

Proof of Lemma 1:

To show the required result, we shall apply Gersgorin’s theorem (see Theorem 6.1.1 on page
344 of Horn and Johnson, 1985). To apply this theorem to the matrix MEZQ) o M(ZQ) | we note
first that this matrix is symmetric and its elements are real-valued, so that all the eigenvalues of
this matrix are real. Now, let e(; ;) denote an m,, X 1 elementary vector whose (1, t)th component is
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1 and all other components are 0, and define

Rl (M@ 0 11290 i

(J,8)=1
(J:8)#(5t)

6’(i7t) (M(ZyQ) o M(ZQ)) €(sis)

for (i,t) € {1,....,mp}.

Applying Gersgorin’s theorem to the matrix M(%@) o M(%4Q) we see that

Amin (M(ZQ) o M(m))

€ @ {z eER:|z— (M((ii’f()i’t)f‘ < R’(i’t) (M(ZvQ) o M(ZQ))} ,
(i,6)=1

so that there exists at least one pair (k,v) (where k =1,...,n and v = 1,.., T}, given k) such that

‘Amin (M(Z’Q) o M(ZQ)) _ <M(Z,Q)k U)>2

/ (2.Q) o ) [(2Q)
(k). (k, < Ry (MP9 0 M29)

= % <M((lff)2,)<j,s))2

(s5) (k)
or
N ZQ )2 (P9 o 7Y _ (P
(Z):l (M) < Auin (MED oM7) — (MGET), )
J:8)=
(js5) (k)
S zQ) \?
< > (Mw,v),(j,s))
(j.s)=1
(.5 #(k,v)
Using the first inequality above, we have
(7D o 7D s (29 Vo NS (7@
min( ° ) = ( (kv),(k v)) - (~Z>1 ( <k,u),<j,s>>
J?s:
(7.5 #(k,)
_ ZQ V2 N> (29 )2
= 2(M<k7v>7<k,v>> > (va)( ))
(jus)=1
_ zQ) \? (2.Q)
- 2<M(k:,'u),(k,v)> Mk:v ),(k,v)
= 2MG ) ) (M (), (k) 2)
(z

- (,Q) @ 1
2 2 o [Moev)(kv) <M<k,v>7< v) QH
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Hence, a sufficient condition that Amin (M (Z2.Q) o M (Z’Q)) is bounded away from zero a.s.n. is that,
there exists a positive constant C such that

: (2.Q) (2.Q) 1
1<(}1€rr§11)12mn [M(k,u),(k,u) <M(k,v),(k:,v) - 5)] >C >0a.s.n. (50)

Now, consider the function
1
f(a:)—a:<a:—§> for0<z <1

and note that

1 1
f'(a:)z?a:—§>0forz<x§1,

from which we deduce that a sufficient condition for the condition given by (50) is

. 1
min (k,0).(k,v) > B + €1 a.s.n.

1<(kw)<mn,
for some €; > 0. In addition, write M(%Q) = MQ — PZ" where PZ" = MQZ (Z’MQZ)f1 Z' M@
and where the (k, v)" diagonal element of M9 =1,, — Q (Q'Q) " Q' is given by

Under Assumption 5, Pét}) (hw) = Oas. (Kp/n) = 045 (1) for every (k,v) € {1, ....,my}, so that for

any 0 < €1 < 1/6, there exists a positive integer N, such that for all n > N, P(ifv)y(k,v) < % —€

a.s. It follows that, under the assumption that minj<x<, 7T}, > 3, we have for all n > N,,

)

lé(g})ngmnM(k,v),(k,v) = 1§(£§})ﬂ§mn (M(k,v),(k:,v) P(k,v),(k,v))

. 1 ZJ_
= i, (177 o)

2 (1 \_1,
3 5 €1 =3 €1 G.S.,

Vv
I
|

as required. [

Section 3: Statement and Proof of Additional Lemmas

In this section, we state and prove a number of additional supporting lemmas whose results
are used to prove some of the lemmas given in section 1 of this online appendix.

Lemma OA-1: Under Assumptions 5 and 6(i), the following statements are true.

(a)




where Dy = diag (51, >@mn>
(b)

max
1§(i7t)§mn

2 2 K22n
ﬂ(i,w‘ =Oas. | —5 |-
Proof of Lemma OA-1:

To show part (a), note that, by the result of Lemma 1, there exists a constant C' > 0 such that
p2l = I
““{ 5} = > Yy
Mmn

-1
MZQ) o M(ZQ)) Y ewne
(i,t)=1

12 . M(zcz))‘Q dps
1

| ( wZQ) o M(z,@) T

it

< 7
B P‘min (M(ZzQ)oM(Z,Q))}Q pLapL

1 2
= (6) dpidp1 a.s

1 2 Mmp . )
B (5> 2 (P(%t)y(ut))

(i7t):1

1\? | o
< (5> <1<(?1t£)1§m P(i,t),(i,t)) Z Pisy i)
- (i,t)=1

K3, o
= Og.s. n’ (by Assumption 5(iv)).

where e(; ;) denotes an my, X 1 elementary vector whose (1, t)th component is 1 and all other com-
ponents are 0.

Next, we consider part (b). Note first that, as shown in the proof of Lemma 1, under the
assumptions that minj<;<,7; > 3 and K,/n = o(1), the projection matrix MZQ) s strictly
diagonally dominate a.s.n., so that there exists a positive constant C' such that

: (Z.Q) (Z.Q) 1
1§(§3I§1mn [M(i,t),(i,t) <M(i’t)7(i’t) — 2)} >C>0 a.sn.

See, in particular, expression (50) in the proof of Lemma 1. Under these conditions, then, applica-
tion of Theorem 1 of Varah (1975) to our problem leads to the following inequality

-1

(Z,Q) (2,Q) ; (2,Q) _ (2,Q)
yU)=
(k,0)#(it)

e}
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Now, making use of this inequality, we have, almost surely for all n sufficiently large,

~ 2
1<) < ﬁ(i’”‘

IRT
= max e’(i’t) <M(Z’Q) o M(Z’Q)> dp1

1<(3,t) <mn
1 2
< 1§£&)L§mn ’(M(ZVQ)OM(Z’QU €(it) 1||61l]u||iO (by Holder’s inequality)
(ZQ) o ppZ@) " i 2
= <1<(%\§mn (M “ o M ) €it) 1) ldpr %
2 2
M, 1
_ (2.Q) o M(2Q) L
1<) < (J%:_l (o a1 ><j,s>,<z‘,t>> <1g&?§mn PW)W))
Q) o 17\ ’
_ z, z, 1
- |7 (pgs,, o)
—1]|2 2 -1
— (2,Q) (2,Q) L (2,Q) (Z2,Q)
= ‘(M oM ) oo(g(ﬁ&)?mnp(i’”v“vt)) (by symmetry of <M oM ) )
-2
: zQ \2_ - zQ )’ Y
< |, (M%) - (kz):_l (M5 0k) <1S@%§‘§WP (zpt»(zpt))
(ko) £(i.1)
(by Theorem 1 of Varah, 1975)
—2 2
_ : (2.Q) z@ _1 L
= <21<(§2;I<1mn [M(i,t),(i,t) <M(i,t),(i,t) 2)]) <1<(il"flt3)‘§mn P(i,t),(i,t))
1 2 N 2

K3
= Ous | 2. O
n

Lemma OA-2:
Under Assumptions 1, 2, 3(iii), and 5(iii), the following statements are true.

(a)
Y ZyMQZy (Z, MR Z1) ™" Z{ M
= Op (1) )
\/ﬁ
(b) o
T ZyM*e
—22 " _0,(1).
G Op (1)
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Proof of Lemma OA-2:

Note first that, under Assumption 5(iii), Z'M®Z is positive definite a.s.n., which implies that
ZM Q7 is positive definite and, thus, nonsingular a.s.n. as well. Now, to show part (a), note that,
for any a € RY such that ||a||, = 1, we obtain, by applying Assumptions 1, 2(i), and 3(ii),

n

_ 2
A ZMOZ, (Z,MRZy) ™ Z, M@ F
vn
d Y ZMOZy (Zi MR 7)™ ZiMRE [ee!|FZ) MO Z, (ZMR 7))~ Z{M®ZsTa

n

7 MR Zy (7 MRZy) T 2! MR Z,Y

< max E[Ezt‘fnz} - - 1( - 1) - 2 ¢
1<(it) <mn (@.t) n

' 7! ZoYa
< 2 ARR 242
< <1<(irg?§mnE[€(z,t)\an -
= Ous (1).

Hence, there exists a positive constant C' < oo such that for all n sufficiently large

vn

_ 2
d0ZLMRZy (2, MR 7)™ Z; M F
vn !

_ 2
d Y ZLMRZ, (2 MR Zy) 1Z{MQ5]

= Ey

< C

It follows from Markov’s inequality that, for any € > 0, we can set C. = 1/C /e so that, for all n
sufficiently large,

MR Zy (MR Z,) T 2 M@

Pr a 2 1( 1 1) 1 € > C.
Jn

_ 2
a0 ZMRZy (Z,MRZy) ™ 2, M@
Vn
2
E ([a’T’ZéMQZl (ZiMQz,) " Z{M%/ﬁ} )
CZ

€

= Pr > C?

IN

—_ =€

C
Cle

IN

o8



which shows that .
d Y ZyMOZy (Zi MR Z,) ™ ZiM@e
=0Op (1)
N4D

Since the above result holds for all a € R? such that [|a||, = 1, we further deduce that

Y ZyMRZ, (Z{M9Z,) ™ Z{ MO
NG a

Op (1) ’

as required for part (a).
Turning our attention to part (b), we again let @ € R? such that ||a||, = 1; and note that, by
Assumptions 1, 2(i), and 3(iii),

a Y ZMO) d V' ZLMRE [ee!|FZ] MR Zya
I\l %) = .
Izl A rQ
< <1<(mf§t§ E [5%1 t)’ffD aTZQJZ Al
<(2,t)<mn ’
!zl
< ( max E{E%it)’fﬂ)—aTZ2Z2Ta
1< (ist) <my, 7 n

= Oa.s. (1)

Hence, there exists a positive constant C' < oo such that for all n sufficiently large

E ([%\/%M%r) =Ey {E ([%jy%r’ff)} <C.

It follows from Markov’s inequality, for any ¢ > 0, we can set C. = 1/C'/e so that for all n sufficiently
a X' ZhM@e

large
2
Pr< ZC’e) = Pr( T ZC’?)

E ([ 23M%%/ ]

a/Y' 7 M@e
N4D

C
S —_— — €
CJe
which shows that It 1 110
oY ZoM%e
72201,(1).

NG

Since the above result holds for all a € R? such that [|a||, = 1, we further deduce that

Y/ Z) M@e
—\2/5 =0Op(1).
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Finally, for part (c), note that it follows immediately from parts (a) and (b) above that

YZIMZ Qe Y Z,MRe Y ZyMOZ (ZMOZ) ' Z, M@
NLD - N NG =0,(1),

as required. [

Lemma OA-3:
If Assumptions 1, 2(i), 4(ii), 5, and 6(i) are satisfied; then,

Proof of Lemma OA-3:
To proceed, note that, by the symmetry of A and by Assumptions 1, 2(i), and 5; we have

2
/
> e Ae |-7:nZ
\V KQ,n
1 Mn Mn
= K. Z Z A(ilﬂfl)a(jl,Sl)A(i27t2)a(j2782)E [E(ilatl)g(jl751)5(i27t2)5(j2782)‘fnz]

2T (i1,t1),(G1,51)=1 (i2t),(G2,52)=1
(i1,t1)#(1,51)  (d2,t2)#(j2,52)

_ 2 - 2 2 2 Z
= Kan > AhngaE [s(z-,t)%,s) 1 }
), (5,5)=1

(i,t)#(4,5)
< 2< max E[a?-t)\}'ZD ! in: A2
1<(i,t) <may, W) Koy, o T (1:1),(4:5)
(i,t)#(5,5)
= Oa.s.(l)

Hence, there exists a positive constant C' < oo such that for all n sufficiently large

2 2
'A A —
Bl |2£ BB || 22| 1FZ | V<
vV K2,n RV KQ,n
It follows from Markov’s inequality, for any ¢ > 0, we can set C. = 1/C'/e so that for all n sufficiently
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large

/ / 2
pr e'Ae >c)| = pr e'Ae > o2
\/KQJL KQ,n
, 2
E ([5 A{-Z/\/Kgyn] )
. C .
= Cle
which shows that A
L —0,(1). O

vV K2,n B

Lemma OA-4: Under Assumptions 1, 2, 6, and 8; the following statements are true.

“ SMO [5’MQ5] o, < 1 >
n n Vi)

and there exist positive constants C < C such that

e/ M@e
n

O<Q§E[ }§6<oo

for all n sufficiently large.

(b)

' (Z1,Q) "rQ
UM e_E[UM 6]:Op<max{i,Kl’n}>,
n

n n n
where 10
UM*%e
] -ow
(c)
rMAQe 1 K
e’ MQ¢ p=Mp  1haE N ’
where

o E[UMO%]/n
P P = W B[ M@ /n

Proof of Lemma OA-4: To show part (a), note first that, making use of Assumptions 1, 2(i),
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and 6(ii); we have

[a\]
~
)
<
o
=
Iy
N
W
— &
SN
- —
[T
s
—
S Il
‘S
[
1
—
=
a
W

)

(m

1

DHN

1t

n T;

i

1
n2

{ [5%”) -k {ﬁm) }] €Gin)E (m)}

1
—E
)7

T, —1
T;

1

T

RHRR

=11

T
=1s

n T;

2
n2

S#r

> E [£(i.6)€(1,5)E () E (k)

— |
SN—
N
— |
SN—
AL
BA
AL
A
AT
Al
— |
lT

)

(7

1

T
1t=1 j=1 s=

DB

i

1
n2

It follows by Markov’s inequality that

(51)

Next, note that, by Assumption 6(i), 7; > 3 for all 4, so that Tlle > % for all . Hence, by
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Assumption 2(ii), there exists a positive contant C' such that F [E%Z t)\ff} > C >0 a.s., so that

EVTMQE] ) %Ez{iiKTT—l)]E[e%t)!}f]}

vV
SN
N
——
&S|
3
——

vV
|
S
Q

> zC>0

for all n sufficiently large. Furthermore, by Assumption 2(i), there also exists a positive contant C'
(> C) such that

2 Z
(1<max E |:5(z‘,t)|fn]> <Ca.s.,

(3,6)<mp,

from which it follows that

"M@ 1
E[a 5} _ _EZ{
" " i=1 t=1
1 n T;
< 15 {33 r [}
i=1 t=1
< ﬂC’ =C < 0.
n

Next, to show part (b), let b € R? such that |||, = 1; and since M(%1:Q) = M@ — PZi | where
PZ = MQZ, (ZM? 7)™ Z{M?, we can write

VU'MZQ¢  YU'MQs VU P%e
n o n B n ’

Note first that by argument similar to that given in part (a) above, we can show that

VU M@e VU M@e 1
f— = —_— . 2
n b [ n ] Or (ﬁ) (52
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Next, note that, by application of the CS inequality and Assumptions 1, 2(i), and 5; we have

5 blU/PZf-g n]
n
< E WU}Z JE e'P 15|}_Z]
1 Jn mn a
- - Z Z (zt) ijE[U(i,t)U(Ij7S)‘fg}b m Z Z P(i’lt)(j’s)E [g(m)g(j’s)u:ﬂ
" 60=16s (i,H)=1(j,s)=1
]. i ZJ_ mMp
. 5;): FenolE [VanUio 74 bd Z)2 o [ 7]
it)=1
2 Kl,n . Kl,n
= 1§(1;{1’fg)l§mnE[HU(i’t)H2|fnZ} \/1<(r$r71t£)%§m |:(7,t)|‘7:Z:| n —Oa.s.( n )

Hence, there exists a constant C' < oo such that for all n sufficiently large

5, (E |]-“nZD <z

Application of Markov’s inequality then implies that for any € > 0,

VU P e
n

VU'P%i ¢
n

n
Kl,n

n
Kl,n

E

1771 pZi Yol E [ b/U'PZIJ_E/TLH
Py n |VU P“le > g < n _ <
KLn n € 1,n C
for all n sufficiently large, which shows that
y /PZJ- K
bUP e 0, ( L") , (53)
n n

It follows from (52) and (53) that

g (Z1,Q) 1T A rQ
YU M 5_E[bUM 8]:Op<max{i,Kl’n}>
n

n n
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In addition, by the CS inequality and Assumptions 2(i) and 6(ii),

o=

=1 t=1

E [V'U' M@¢]
n

) [0, ><ztﬂ‘

Lo
< = ZZE [V'UG.nzn ]

i=1 t=1
< _;;W Vo] 0B 2]
< Tyf max U \/Kggagm <%)
- 0(1)

Since the above argument holds for any b € R? such that ||b||, = 1, we further deduce that

U M(%1Q)¢ 5 U M®¢ o 1 Ki,
— = max — .
n n p e N

> [U’MQT
n

and

=0(1),

as required to show part (b).
Finally, to show part (c), we first write
U'M(Z1.Q) ¢ UM (Z1,Q) ¢

By Assumption 8, the sequence {p,} has a limit defined to be p so that p, — p — 0 as n — oc.
Next, note that

U'M(Z1.Q) ¢

oM@ n

U'M(#1.Q¢  E[UMY]|
M@ E [¢' MQ¢]

UM#AHRQe  E[UM%] UMARe U MZQ:
~ E[MQ] E[ZM%] Y Toee E [¢/ MQ¢]
UM — E[U'MY%] N UMZQE [¢MO%] (/M%) U'M71:9¢
N E [¢' M@¢] (e'MQ¢) E [¢/ M€e¢] (e'MQ¢) E [¢/ M€e¢]
_ UM@BQe - E[U'MY%] UM% (€M% — E [¢'MY%])
N E [¢' M@¢] e’ MQ¢ E [¢/ M¥¢]
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Now, applying the results of parts (a) and (b) above and the Slutsky’s theorem, we obtain

UMZQe —E[U'M%] (UM% - E[U'MY%]) /n o 1 Kin
E [/ M@¢] B E[e'M@¢] /n - U e N ’
eM% — E[¢M%] (5’MQ5—E[5’MQ€])/TL_O 1
E [/ MQ¢] B E[e'M@¢] /n P \yn)?
and
U'M(Z1,Q) ¢ U’M(ZLQ)S/”
eMQ £M@/n

(U'MZ#Q¢ — E [U'M]) /n+ E [UMY] /n
(eM@e — E[¢'M@¢]) /n+ E [/ M@¢] /n
E[U'M%] /n+0,(1)

= = 1).
E[e’M@¢] /n + 0,(1) Op(1)
It follows that
U'M(Z1,Q) ¢
eMQ:  In

UM% E[U'M%%]
T &M@ E[¢MQ]
 (UM*QDe —E[UMC%]) /n  UMZQece'M%% — E [¢'MY%] /n
B E[e'MQ¢] /n e'M@Qe E[¢'M@¢] /n

= 0, (max{%%}) 0, (1) Oy <%>
~ 0, ([ K221

Lemma OA-5:
Suppose that Assumptions 1-6 are satisfied. Let
~ - X60) Ay — X6
7(6) = (y o) Ay 0)

(y — Xb0) MZrQ) (y — X))
1+ 0, [ max Tn 5 Kin ,
KQ,nKl,gn n

Z((g ) = (y — X(SO),A (y — Xdo) B e’ Ae
0 = = Xoo) MZi@ (y — X59) & MZrQz

then,
~ g'Ae
£00) = Z57a:

Proof of Lemma OA-5:
To proceed, first write

66



Moreover, note that &/ M(Z1:Q)¢ /n = &/ M@¢ Jn — &' PZ%i ¢ /n. By the results of part (a) of Lemma
OA-4, we have that ¢’ M%/n — E [6’MQe/n] = O, (n_1/2), and also that there exist positive
constants C < C such that, for all n sufficiently large, 0 < C < F [E’MQs/n] <C < oo In
addition, by argument similar to that used to obtain expression (53) in the proof of part (b) of
Lemma OA-4, we can show that &/ PZi ¢ /n = Op (K1n/n) = 0p (1). It follows that

(54)

(y — X60) MZ1Q) (y — X5p)  MZQe  /MQ%% Ky,
= 1+ 0, ,
n n n n

where ¢/ M%¢/n = O, (1) and where ¢’M®%¢/n > 0 w.p.a.1. Finally, note that

glM(Zva)g -1

n

-~ e’ Ae
£(60) =

n
/ I rQ -1
_ e’ Ae |:€M € (1+Op <Kln>>}
n n n
e’ Ae K -1
- e {1+Op< ! )]

e’ Ae Kip
- e {1+Op< ! )]

which shows the required result. [

Lemma OA-6: Suppose that Assumptions 1-6 are satisfied. Let gn be any estimator that satisfies
the following conditions as n — oo

(i) If Ky p/ (1) = O (1), then
D, (Sn - 50) = 0,(1)

(ii) If (#ﬁin)Q /Kopn =o0(1) but /Ka,/ (uginf — 0, then

) D, (5.~

\ K2,n

Under these conditions, the following statements are true.

=0p (1)

(a) Under case (i),
D XA (y = X0n) = 0, (1)

while, under case (ii),

D XA (y = X0,) = 0, ( =D ) .
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(b) Under both case (i) and case (ii),

D x' MA@ (y - X3n> =0, ( s )

(c) Under both case (i) and case (ii),

where ¢’ Ae/\/Kan = Op (1).
(d) Under both case (i) and case (ii),

(v- Xﬁn)' M&BD (y—X5,) @,

n

where ¢/ M@%¢/n = O, (1) and where ¢’M®%/n > 0 w.p.a.l.

(e) Under both case (i) and case (ii),
A~ [~ / K n K n
g<5n> :i—i-op VIR — o, [ X222
e'MQe n n

75 (y—X&L)/A(y—XSn)
( n> N (y - X§n>' MZ.Q <y - X3n> ‘

where

Proof of Lemma OA-6:
To show part (a), note that

DX'A(y - X8,) = Dy'X'Aly— X6)+ D X' AX (8, — 6o )
— D;'X'A(y— Xb) + D;'X’AXD,'D, (Sn - 50) (55)
To analyze the first term on the right-hand side of expression (55) above, write

Y Z5, M(41.Q) ¢

NG

Now, consider case (i) where \/Kz,/ (1) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (?7) that

171 Af(Z1,Q) K5,
TBMIDe ) 1) and DU Ae = O, (_w, ) |

D'X'A(y — X&) = + D, 'U' Ae

Vvn (ppin)
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from which it follows that, in this case, D' X"A (y — X&9) = O, (1). In addition, by part (b) of
Lemma S2-2; we have in this case

D X AX D, Dy (3 = 00) = 0, (1),
so that, in this case,
DIX'A(y=X0n) = D'X'Aly—Xdo)+ Dy X' AX D, Dy, (3 — o)
= O, (1) +0,(1) = 0p (1)

Next, consider case (ii) where (u™) /{/Kan = 0(1) buty/Kz,/ (,ui?in)2 — 0. Here, again by part
(c) of Lemma OA-2, and expression (??), we have

_ \V K2,n
D' X'A(y — X60) = O, ( . )

(k™)

Furthermore, in this case, we also have, by using part (b) of Lemma S2-2
— —1 n
D X' AX D, Dy, (8, 80)

Ve, JIX'AX D! D (& - 60) =0 ( KM)

() Kop

from which it follows that in case (ii)

D'X'A(y~X0,) = D;'X'Aly -~ Xbo)+ Dy X' AXD; Dy, (8~ 80)
vV K2 n V KZ n
= 0O — | +O —
’ ( (pm) T\ ()
- 0 vV K2,n
SNZRa

Next, consider part (b). In this case, note that
-1 7, 5
D X M4 (y - X5n>
= DIAX'MEQ) (y - Xog) + DX MAAX (5, b )

— D'X'M79 (y — X6) + D' X' MPAAX DD, (Sn - 50> (56)

The first term on the right-hand side of the expression (56) above can be written as

T Z/ (Z17Q)€

D' X' M) (y — X6) = D' X' MA Qg
w (y O) \/ﬁ

+ D, UM A Qg
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Now, consider case (i) where \/Ka,/ (1) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (11) that

T/ Zh M (%@ ¢
NG

from which it follows that, in this case,

=0, (1) and D 'U'M# Qe = 0, <ﬁ> ,

) n
DulX/M(Zl,Q) (y — X50) = Op (W) )

In addition, by part (a) of Lemma S2-2, we have in this case

-1 Z1, -1 < _ n
D;LX'M#DxDID, (5n — 50) ~0, ((u%in)Q) :

so that, in this case,
D XM (y - X3,

= DX'MED (y — Xo0) + D X MAQXDLD, (3, o)

~ o, <ﬁ> +0p (ﬁ) =0 <an)>

Next, consider case (ii) where (u™) /{/Kan = 0(1) buty/Kz,/ (ugﬁnf — 0. Here, again by part
(c) of Lemma OA-2 and expression (11), we have

B n
D, X'MA9) (y — X60) = O, (W)

Furthermore, using part (a) of Lemma S2-2, we have

min gn Y
D71X/M(Z1,Q)XD71DM <gn . 50) _ N KQnD 1€ M(ZI:Q)XD 1 (Mn ) . < 0)
a : (ppin) Ko,
K2 nn
()

from which it follows that in case (ii)
D XM (y - X3,

— D'X'M7 (y — X6) + D' X' MEDX DD, (5n—50)

= 0 () + 0 ( o ) 0 ()
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Combining the results for cases (i) and (ii), we have

- ~ n
Dt X' M#Q) (y - X5n> =0, < >
Consider now part (c). Write

(y — Xgn), A (y — X;S\n>

KQ,n
o~ / o~
[y — X6y X (5n —50)} A [y—Xao X <5n - 50)}
B K27n
e Xa) A= X)W X8) AX (3, b)
K27n KZ,n
(3 - 50)'X'AX (8~ 50)
_|_
KQ,n
s A D, (0, —6
Kgm KQ,n
. / D'X'AXD; 1 A
_ K I _
i) DB
Note first that
(y—X00) Ay — X&) _  (Ziyra/Vn+Qa+e) A(ZiyTn/vn+ Qa+e)
RV K2,n RV KQ,n
A
v KQ,n'

and

(y— X&) AXD;!
= (Z1yma/Vn+ Qa+e) A(Z10D,/v/n + ZsXDy/v/n + Q2+ U) D, *
MRz,
= = 22 L JAUD;!
NG + ' AU "

Now, consider case (i) where y/Ky,/ (12) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (?7?) that

'V (Z1,Q) /Kon
EMT AT 0, (1) and €AUD; " = 0, | Y221 ) |
Vn (™)
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so that (y — X60) AXD,;;* = O, (1) and, thus,

Dy, (60 — do 1
(y —Xéo)’AXDﬁ% =0p (7) =o0p(1)

2.n vV K2,n

In addition, by part (b) of Lemma S2-2, we have in this case

<gn B 50)/ D, D;lX/AXD;1 D, (gn - 50)

vV KQ,n
1

_ (Sn - 50)' D,D;'X'AXD,'D, (Sn - 50)

RV KQ,n

1
=o0,(1),
() o
from which it follows that

(v- Xgn)/A (v x3.) A Lo (%) Lo, (L)
2.n

Il
QS

K2,n vV K2 n vV K2,n
e’ Ae
= ———+o0,(1).
K2n P

)

Next, consider case (ii) where (u mm) /\/K2n =o0(1) but\/Ks,/ (,uﬁin)Z — 0. Here, again by part
(c) of Lemma OA-2, and expression (77), we have

VE2n
(y— Xd0) AXD;' =0, <72>

(k™)

so that
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Furthermore, in this case,

- /  DX'AXD;' .
_ K 2] _
(30— d0) Dy =D, (3 — 00)
. ~ / . '~
Ko | () (3 =00) D () D, (5 6o
= Yn D;'X'AXD,
() Kon VEn,
vV EKan
= 0, (ﬁ)—opu)
(ki)

from which it follows that in case (ii)

<y—XE§n>’A(y—X3n> _ dAe +Op< K2,n> +Op< K27n>

Vv E2n - VKan (pmin)? (pumin)?
e Ae
= = 1o, (1).
o)

Combining the results for cases (i) and (ii), we have

<y — X&l)/A (y — Xgn>  dAe

— - Tt
where ¢’ Ae/\/ K2, = O, (1) by Lemma OA-3.
Turning our attention to part (d), note that
~ / ~
@—X%)M%Q%%@WQ
n
N ' "
@—X%—X@WJQ}MAQ@_X%—X@WJQ}
n
B n a n
. / .
(3n = d0) X'MAQX (5, - 5)
+
n
— ' M(Z1Q) (g — — X6o) M&AQ XD
_ (y — Xoog) M (y — X o) _2(y 0) P D, (5n_50)
n n
- P DIAX'M@&QXDE
+ (60— 80) D=~ . £ Dy (30— 00) -

Making use of the arguement used to derive expression (54) in the proof of Lemma OA-5, we see
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that

(y - X(So)/ M(Zl’Q) (y — X50) B EIM(Zl’Q)E €,MQ€ Kl,n
n n n +0p '

Moreover, we can write

(y — Xdo) M @X D

= (Ziymn/Vi+ Qa+e) MR (2,0D,/\/n + Z,YD,//n+ Q=+ U) D,*
&' M(Z1.Q) z, 7

Zn, -1
- TH’M AUD,

Now, consider case (i) where y/Ky,/ (12) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (11) that
e M(Z1.Q) Z,7
B

so that (y — X50)/M(ZI7Q)XD;1 = O, (n/ (12™™)) and, thus,

n

y—Xoo) MZAQDXxDA 1
( 0) “ DM(%—(SO) = 0,,( : )0,,(1)

n

O, (1) and 5/M(Z1’Q)UD;1 =0, <ﬁ> ,
Hn

In addition, by part (a) of Lemma S2-2, we have in this case

DIX'M(Z1Q) x D1 .
" LD, <5n _ 50)
n

1 1
Op Op — Op 1) = Op 3 = Op 1 s
W ((uﬁm) ) W ((u%‘“) ) W

from which it follows that

<y - X§n>' M(Z1.Q) (y - X8n>

n

e M@e (Kl n> ( 1 > 1
= +0 =) +0 — )+ 0 :
n "\ n SN0 P (pin)?

e/ M@¢
= - +0,(1).

(40 - 50>/Dﬂ

Next, consider case (ii) where (u™) /\/Kan = 0(1) buty/Ks,/ (,ufi“y — 0. Here, again by part
(c) of Lemma OA-2 and expression (11); we have

— X60) M(ZQ X D1
(y 0) " —Op<(1)>—p(1)

min
n 3
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so that

— X8p) M(Z1.Q) x D1 .
(y 0) . L p <5n_50>

VKo (y— Xbo) M(Zl’Q)XD;1 (@) D, <5n - 50)

(pm) n VEan
o \V KZ,n 1 . AV4 K2,n — 0
- Of’((wﬁn) 0 () 00 (1 =0 Gy ) = )

Furthermore, in this case,

s D MDD
Ko () (30— 50>/ Dy DX M@ x D1 (1) Dy (8, — b0 )

(papim)® Kon n Kapn

)

Kgn 1 K2n
0, "1 0,(1)0, - 10,(1)=0, n ) =0, (1
() oo (g v = () =0

from which it follows that in case (ii)

~ \/ ~
y— X0, ) MZQ) (y— X5, I rQ i7¢
R o, () o (i) o ()

n n

e/ M@¢
= o +0p (1)

Combining the results for cases (i) and (ii), we have

<y - X&L),M(Zh@ (y _ X3n> TCE

n

+0,(1).

where &' M@e/n = O, (1) and &’ M@ /n > 0 w.p.a.1. were both shown in the proof of Lemma OA-5.
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Finally, to show part (e), we apply the results of parts (c¢) and (d) above to obtain
(5)
(v- X3n>' A (y—X,,)
(y — Xﬁn)' M(Z1.Q) (y _ XSn)
(v 0 4 (y- 330 1y
n (y - Xgn> M(Z1.Q) (y - X5n> /n

VEone'Ae/\/Kapn +0p (1)

n e'M®e/n + o, (1)

VEan |€4e/\/Kan ‘M@
2n | €4/ 2 op ( ] (sinceg - €>0W.p.a.1>

n e'M@e/n
¢’ Ae VEon, VEK2n
~ M@: o n =0 n

given that &’ Ae/ /K2, = Op (1) and £’M%¢/n > 0 w.p.a.l. O
Lemma OA-7: (Decoupling Inequality) For natural number n > G, let {X;}!" ; be n in-

n
dependent random variables taking on values in a measurable space (S,&), and let {Xi(k)}‘ )
i

k=1,...,G be G independent copies of this sequence. Let B be a separable Banach space and for
each (i1,..,4g,) € I§", where

195 = {(i1, .yig,) s 1 €N, 1 < ij <m, i #ig if j £k},

let hiy i : S& —— B be a measurable functions such that E ([|hiy..ig (Xiy, s Xig)|]) < 00. Let
® : [0,00) — [0,00) be a convex nondecreasing function such that E® (||h;, i, (Xiy, ..., Xig)|]) <
oo for all (iy,..,ig) € IS. Then,

ED thlzc; (Xi17”'7XiG) < E® CG ZhllzG <Xi17"’7XiG) <57)
G

Ig

where Cg = 2¢ [GG — 1] [(G — 1)(G—1) — 1l x---x3.

Lemma OA-7 gives the inequality result stated in the first half of Theorem 3.1.1 of de la Pena
and Giné (1999). Theorem 3.1.1 also gives a reverse inequality under some additional symmetry
conditions on the kernel h;, ;. which we will not give here, since we will not be using the reverse
inequality any of the results stated below. Proof of a more general decoupling inequality which
contains the inequality given in expression (57) as a special case is provided in de la Pena (1992).
See Theorem 2 of de la Pena (1992).

Lemma OA-8:
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Let D (e o€) = diag (5%171), ey e%an)). Under Assumptions 2, 5, and 6; the following statements
hold.

(a)

Y'ZyPLD (c0e) PLZyY Y ZyP Dy PLZyT o Kon
n n - P n )
where D 2 = diag (E [5%1 1)

WIFE] s B[220 1FE]).
(b)

T ZAD (c0e) AZY Y ZIMP D MAA2Y ( KQ,n> )
_ _0, _
n n

Proof of Lemma OA-8:
To show part (a), let a,b € R? such that [|a||, = ||b]|, = 1, and note that we can write
a/Y'ZyPLD (e 0e) PLZyYb o/ Z4PLD,2 P+ Z5Yh
n n

i; i i:_ 4,5) zt)(kv)aTZ2(]s)Z (M)Tb{( )—E[f%i,tﬂfﬂ}

j,8)=1(

Sl'—‘

Now, making use of the CS inequality as well as Assumptions 2(i), 3(iii) and 5; we obtain

2
( Z Z Z 0)..8) zt)(kv)aTZ2(J8)ZQ(kv)Tb{() E[g%i,t)fﬂ}) |77

(zt) 1(J3) (kv) 1

Mnp Mn

= Z Z Z Z Y PanGoFin.woFinenFin.eo

S G (o) (Bt (Gt (e

x (/Y Zaj.0) (@Y Zo o) (Zéj(kw)Tb) (ng(m)rb) E { (¢t — B [eh0 fnZD2 |77 }

= % % E { (E%i,t) - B [E%i,t)\fﬂy \ff} (e'(iﬁt)PLZchQ2 (e'(i7t)PLZgTb)2

- _ 1 mMn
< <X E |e(iFy >§ > <a/T/Z§PL€(i,t)e'(i,t)PLZgTa> <b’T’Z§Pie(me’(iyt)plszb)
- (i,t)=1
1 S WY Z, Z5h
1<(i,t)<m n (a’T’ZéPl Z e(i,t)e,(i,t)PLZQTa) el(i,t)PLe(i,t)+
- " (i,t)=1

a' X' ZY P+ ZyYa b/ Y Z4 Z5 T
n n

IN

max E :E?i,t) |FHZ: ) < maX Pd:t),(i,t))

1<(4,t) <my,

IA
QO —~ — —
¢ |
> .g =
>
=
™
—
N
~

7



Hence, there exists a constant C' < oo such that for all n sufficiently large

p|n (dYZPID (o) PLZYXb  d Y 2D, P 2T 2
Kop n n
2
g, (Kn . <a'T'Z§PiD (c02) P ZyYb a'T'ZQPLDUZPLZQTb> |f5]> .G
2n n n

It follows from the Markov’s inequality that for any € > 0,

n
Pr{.,/
' K2,n

- ( n <a"r'Z§PLD (c0e) P21 a@f'ZQPLD(,QPiZﬂ“b>2 N g)

Y ZYPtD (e 0e) P2y a/Y'ZyPL+D, 2 P+Z5Yh
n n

c

By

E

Ky, n n €

< ZE
C

IN

€

n (dT’ZQPLD (c08) PZyTb a'nr'ZQPLD(,zP%ﬂb)2
K2,n

n n

for all n sufficiently large, which shows that

a Y ZLPLD (c0e) PLZyYh /Y ZLPLD,. Pt ZyTh 0( K27n>
J— p p .

n n n

Since the above result holds for all a,b € R? such that ||a||, = ||b]|, = 1, we further deduce that

Y'ZyPID (o) P 2T Y'ZyP D, PLZ,Y

n n
mn mn

1 mMn
= =D D D FanGoPinen 6 k) {tn— B |0l7E]}
(3,6)=1 (4,8)=1 (k,v)=1

K2,n
_ op< )

Next, consider part (b). Using the fact that A = P+ —M(Z’Q)DgM(Z’Q) and that M(%4%@) Zy = 0
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and applying the result of part (a) above, we obtain

Y/ ZLAD (0e) AZX Y/ ZLM(Z1Q) D M(%1:Q) 7,
n n
Y'ZyPiD(coe) PLZY Y ZiM# QD MAQz,x  T'ZyMPR D MPD (c o) PHZY
n n n
Y Z4PED (g 0e) MEQDMERQ 2,0 Y ZiM Q) D MZQ)D (e 0 £) MZQ) D5 M(ZQ) 7,7
B n * n
Y/ ZyPL D2 P2y Y ZLMZ0R) D s M(Z41Q) 7,1
n n
Y'ZYPLD (coe) PXZyY Y/ ZLP+D, . PtZyY
+ —
n n
VP DeP 2 XM AQDMAD2Y < KZn) 58)
P n

n n

Next, note that

Y'ZyP Dy P-ZT Y Z,M(ZQ D o M(Z1Q) 7, T
n n
TZMA DD MAD LY X BMADDEMARZY | Y2 [P = MPD] DM D 25X
n n -
+T/Z§M(Z1,Q)DU2 [PJ— _ M(Zl,Q)] ZoT N A [PJ_ _ M(Zva)] D2 [PJ_ _ M(ZhQ)] %4
" n
T/Zé [PJ— _ M(Zl,Q)] DU2M(Z1’Q)Z2T T/ZéM(Zl’Q)Daz [PJ‘ B M(ZI,Q)] 2,1
n T o
+T’Z§ [PJ_ _ M(Z17Q):| D2 [PJ- _ M(Zva)] %4
n

= 0.
where the last equality follows from the fact that

pt_ M(ZLQ)} A [p(Z,Q) _ p(Z1,Q) _ (]mn — p(Zva))] Zs

— —M(Z’Q)22
= 0.
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It follows from expression (58) that

Y'ZLAD (0e) AZyY Y/ ZLM (AR D, M(Z1Q) 7,

n n
_ YZPIDePL Y XM DDAz T | ( Kon
- n B n p n

as required. [

Lemma OA-9:
Suppose that Assumptions 1-6 are satisfied. Then,
(a)
D, 'U'AD (e o) AUD,*
- 2 2 z] n—1 / AR !
— D ALngeE [%,tﬂf n} D, E [Uu,s)U(j,s)’f n| D
(4,t),(5,8)=1
(i) #(J,s)
AV K27n
= Op( in 2) =op (1)
(k™)
(b)
YT'ZyAD (e o) AUD,
\/ﬁ =0p (1)

Proof of Lemma OA-9:
To show part (a), let a,b € R? such that ||a||, = ||b]|, = 1, and define Uq, (i) = a’D;lU(i,t) and
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Up,(j,5) = U'D, U ). Note that
a’D;lUIAD (E OE) AUD;lb

- 2 2 A -1 z] ~—1
— Y Ao |l FE] o DR E UG 0 Ul | FE] D
(ivt)v(jvs)zl
A
~ 2
= > > Ai,),G,5) A1), (k,0)E (i,t) Uas (,5) Ub, (k)
(7,5, (ko) =1 (1,)£{ (5),(k0) }

= Y Ao B [l T B [tageusialFE]

(ivt)v(jvs)zl
(4,0)#(3,5)

mMn

= Y Ay (Fteteunie — B [0 FE | B [ua ol )

(i,t),(j,s):l
(4,t)#(J,8)

mn

+ Z Z A(i,t)7(j,s)A(i,t),(k,v)g%i’t)ua,(j7s)ub7(k;7v) (59)
(j,‘S),(k,U)Z]. (ivt)#{(j’s)v(krv)}
(7,8)#(k,v)

Focusing on the first term in expression (59) above, we apply the CS inequality, parts (b) and
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(c) of Lemma S2-1, and Assumptions 2(i) and 3(ii) to obtain

2
B > Ao (8?@0%,@,5)%,@,5) —E [S?i,tﬂfnz ] E [ta, sy, G) | it ]) |7
(4,t),(4,8)=1
(i t);é(j, )
2 A A 2 Z
= Ali) o) {( itatiortn o) = B || 77 B [tagoyn 6.0l F]) |‘7:n}
(4,t),(4,5)=1
(i,8)# ( )
+ A( ),(4, ){ [ €(5,5)%a,(j,5) Ub,(5,5) ‘-7: } { %i,t)um(i,t)ua(i,t)‘}—5}
(i,6),G.5)=1
(1,)#(4,5)
E {S%i,t)’}-ﬂ E {5@,5)\]‘—5} E [Ua,(i,t)ub,(i,t)’fﬂ E [Ua,(j,s)ub,(j,s)\fnz]}
Mn,
D > Ao Ahnie | B |0 P B |l FE] B |62 il o 7]
(ivt)’(kvv):]- (j,S);ﬁ{(i,t),(k?,’U)}
(#,t)#(k,w)
2 A 2 A Z1\2
E [6(z,t)|'7:n} E [e(k,u)|fn} (E [ua,(j,s)ub,(j,s)|fn ]) }
2 ) A 0,6, Ak, (i) {E [e%i,t)ua,(i,t)ub,(z‘,t)|~7:f } b {6%k7v)|~7:nz } E [ta, (.0, ,) | Frt |
(j,‘s),(k:,v)zl (ivt)i{(jvs)v(kvv)}
(4,8)# (k)
B |8 o1 FE| B || FE| B [t 600,60 |77 B [t 5,06, ] |
+ D > {A?z‘,w,(j,s)A?at),(k,v)
(i,t),(k,'u):l (jzs)i{(ivt%(kvv)}
(i) #(k,v)
% (B || FZ] B [tt0300 6.9/ FE] B Pty s FE
2
— (B |01FE]) " B [tt0,6,5)006:9 | FE] E Pyt | FE }> }
Z 4\ 7 1 S
=2 (K(z‘%?ﬁmnE [e‘é,t)lan (1<(z‘%?§mnE [HU(Z?“H2 17 “D (pmin)? 2@ t)%%)_lA‘(lut),(zs)
(i:)2(5.)
+ > Al G AT, i) +2 > Al G Ak, iy T > Al G.s)
( )7( U) (] 5) (ivt)((kvv)v(jvs)zl ( )7( 'U) (] 5) 1
(i.0) (k). G E(KR), (i.0) (k).
(4,8)7#(1,t),(4,8)#(k,v) (1,)#(5,9),(4,t) # (k) (4,8)7#(,),(4,8)#(k,v)

K3, K3, K3, K3,
= Ogs. .7’42 +Oas. | ——5 | +Oas. | —4— | + Ous. | ——
(pin)" ()" n (pin)" ()" n

2
= Og.s. (%) 82
(un)"n



Hence, there exists a constant C' < oo such that for all n sufficiently large

min 4 mn

P ) M
B % Z A( £),(5,5) < Ei,t) a (o) b, (G,s) — E [5?i,t)|fﬂ E [“a(j,s)“b,(j,sﬂfﬂ)

i (i,t),(5,5)
(i,t);é(jys)

(i)

7 2

Mmn
Egz | E > Ao (Fteotngs — B [l FE) B e gaungalFE]) | 15
(1( t%i(]’(s) )1

< C.

It follows from the Markov’s inequality that for any e > 0,

. 2 m
(“rntlm) vn - 2 2 2 Z Z
Pr —K2n Z A(i7t)7(j,s) <€(i7t)ua,(j,s)ub,(j,s) —F [a(m\fn} ) [ua,(j78)ub7(j7s)\fn}> Z
’ (i’t)v(j’s):]-
(4,t)7(3,5)
( 2
(“?m)zln - 2 2 2 Z Z
= Pr T Z A(i,t),(j,s) (E(i,t)ua,(j,s)ub,(j,S) -F {E(i,t)’]:n} B [“a,(j,s)“b,(j,s)’an >
i (ivt)v(jvs)zl
(&,1)#(,s)
Mmin 471 2
n A A
B\ e <Z(i,t)#(j7s) A% (i) {s%i,t)ua,(j78)ub7(j78) -E [g?i,t)lfn} E [ta,(j,5)tb, ()| i | }> ]
< € —
C
< €
for all n sufficiently large, which shows that
% A2 <2 , , _E2’]_—ZE , .|}—Z
(4,),(4,8) E(i,t)ua,(j,s)ub,(],s) E(i,t) n [ua,(j,s)ub,(],s) n]
(i,t),(j,s):l
(i,t)#(5,s)
KZ n
o) o
(i) /n

Turning our attention to the second term in expression (59), we first define ¢(; ;) = 6%i7t) -

E {5?1 t)|.7-"nZ } Note that by the decoupling inequality given in Lemma OA-7, there exist finite
constants Cs and C3, whose explicit forms are given in Lemma OA-7, and independent copies

{(ué‘?()i’t),ul()f’()i7t),cgizt)>}(i7:): (for ¢ = 1,2,3) of the sequence {( Uq, (i,8)5 Ub,(i,8)5 S (i, ))}Z’z)zl such
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that

2
ze
E Z Z A(z‘,t),(j,s)A(i,t),(k,v)5%i7t)ua,(j7s)ub,(k,v) | F7
(j’s)v(krv):]- (ivt)#{(j’s)’(k‘vv)}
(4,8)#(k,v)
2
- 2 A 7
< 2F Z Z A0,6,9) A6, (ko) E [g(i,t)\}—n}“a,(j,s)“b,(k,v) | Fn
(4,8),(k,0)=1 (3,t)#{(4,s),(k,v) }
(@ 8)75(
_ 2
2B 2 > At A botaGetn i [ — B |l FL | | 1
(4,5),(kv)=1 (i,6)#{(4,s),(k,v)} _
L \ (4,s)#(k,v)
2 —
— M @
2 A A
< 204,FE > > A, G A ), (ko) E [E(i,t)‘fn}ua,(j,s)ub,(k,v) |
(j7§)7(krv):1 (ivt)#{(j’s)’(kvv)}
(4,8)#(k,v) i
—_ 2 -
. © @ ® ’
+203E > > AG),G,5) A, 060) U (7.5 Uk Sty | T
(j7s)’(k7v):1 (i’t)7é{(j73)7(k’v)}
L \ (J,8)#(k,v) i
= 202 ), > > {460, A60,06:0) A1), A ), k0)

(4,8),(kv)=1 (:,)#{(4,5),(k,v) } (€,h)A{(3,),(4,5),(k,v) }
(,)7(k,0)
2 Z 2 Z 1 2z @) Z
<E [a(m\fn}E[E(Mﬂfn}E[(ua,(j’s» |.7-"n} E[(ub M) | ”

+2Cs > A% G Al (k) (E [5?i,t)|7:nZD2E [(“2;@) |JTZ} [(“z() (k, v)) |5’:Z}

(jvs)v(kﬂ)),(i,t)zl
(j,s);é(k,v)
(i) #{(5,5),(k,v)}

mn

2 2
20 > Ay GaAiw {E[@%)) 1 5]E[<“g<)k,v>) 1% nZ]

(7:8), (k) (i,6)=1
(7,8)#(k,v)
(@)#{(,),(k,v)}

3 \2
xFE [(ggz)t)) \ff] } (61)
Define D, 2 = diag (0%172), veeny U%n,Tn)) where U?i,t) E |:€ ]]—“Z] for (i,t) = 1,...,m,. By applying

Assumptions 2(i), 3(ii), and 5 as well as parts (a) and (b) of Lemma OA-1, we can estimate the
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(almost sure) order of magnitude of the first term on the right-hand side of (61) as follows

IN

IN

mn

> > > {AG.0),G.9) A1), (k) Ay, (G.5) Ak (k)
(7,5, (k0)=1 (1,)£{(7:9), (k) } (GR) 2L (0),(5,5), (0) }

(4,9)# (k)
xE {g%z‘,t)’}-g] E {E%z,h)‘fﬂ E [(u%,s))Q U‘f] E |:(ul(),2()k:,v)>2 ‘fnZ:| }

Z E [(uf(llng?S))Q |}—’ﬂ Z 6/(J}S)A Z el |:5é,t)|‘7:nzj| e/(i,t)Ae(k‘,v)

(j,S)ZI (k;u):l (ivt)i{(jvs)(kvv)}
(k,0)#(3,8)
(2) 2 A / A 2 A / A
xE (ub,(k,v)) \F2 | €l > ewnE [E(E,h)‘]:n}e(f,h) €(j,s)
(€h)#{(i5),(4,8),(kv) }
= E 1) 2 fZ - / A B 2 j:Z ! A
) Ua (i) 1P 2. U > e B || Fn | €Ay
(j,s):l (k‘,’l}):'l (ivt)i{(jvs)v(kﬂ))}
(k,0)#(3,5)

(2) 2z 2 A
xFE [(uh(k,v)) \fn] [e’(k’v)ADaer(jys) — e'(k’v)Ae(i,t)E [e(w)]}"n} e'(i’t)Ae(jys)}

. 1) - @ \2 1z 2
3 E[(u&(%s)) Ifn} E[<ub7(m)> |fn] [egk,v)ADnge(jﬁ)}
(4,s)= (k,v)=1
(kv)#(3,8)
- 1) A
_ Z E[(ua’(js)> |.7:n}
(j,s):l
. o Aey nE €2 | FZ| e LA 2lu® N\ \r2
x e(]vs) €(it) 5(z,t)’ n e(z,t) €(k,v) ub,(k,v) ‘ n
(kyw),(3,t)=1
(k)#(5,5)
(4,0)#{(4.8),(kv) }
Mn Moy,
M \? 2 @ \? rz
E[(ua,(j’s)> ].7:“} Z E[(“b,(h,u)) ‘fn:|e,(jys)ADaaAe(k,v)el(k,y)ADo‘QAe(j78)
(4,8)=1 (k,w)=1
2 My
2 A 1 9
<1<(1%z)z}<<m E[“U(i,t)|’2|fn]> (Mmin)4 Z e’(jﬁ)ADazA D,2Aej o)
= i) = mn n (]78):1



2 9 2
2 ~
< <1<(iH,ltE)i§mnE [HU(Z',t)Hz ’}}ZD (1 +1§(I£f?§mn 19(1‘,15)‘ > <1<$?§mnE [a%m\]-'ﬂ)
1 A,
X - e A%e(s
(Mrmlmn)4 (jg):—l (4,5) )
2 2 2
2 ~
< (o, 2 eol]) (e, s, [eol) (s, 2 Ftol#7])

X (u,“;in)4 [tr {PL} +tr {D%H

Kon K3, Ko
= Oa.s. ( 2., 4) +Oa.s. (44) = Oa.s. ( 2.7 4) .
(pm) (ppn)™n (™)

By applying Assumptions 2(i) and 3(ii) as well as part (c) of Lemma S2-1, we can also derive the
(almost sure) order of magnitude for the second and the third terms of (61) as follows

2 2 Ao ClER ])2 E [<“(12J)>2 v ] E [(ué,?()k,v))z bad ]

(5,9) (k,v?, i,t)
(k,v)#(i,t)
< (i, 2 l0]) (e, loliz]) o
1<(6,t) <may, @) n 1< (i,t)<mp @)z Mn (Mglm)‘l
Mn My,
x ) > Al 0).G.9 A58, 000)

(i,t)=1

( 5)7(kvv):1

j?
(7:8)A{(k,v),(6,0) },(k,0)#(ist)

K3,
= Ogs. —74 = Og.s. (1)
()
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and

Z {A%@t»(j,s)f‘l?i,t),(k,v)E [(u( (.5) > !fz}

(it)=1 (4,5),(k,v)=1
(os) #(k,0) (i)
(k,0)#(i,t)

2
XE[(“&?@,@) "7:71Z:| [ E?)t) |7Z}}
2
1
4 A A
= <1§@?§mnE{€(i’t)’f"D <1s(z’n,1t&)l§mnE{HUl’t Hz‘}—"D (pumin )t

n
= 2 2
x ) Z Ali),G.5) At (k)

(i,t)=1 (7:8),(k
(:8)A{(k,0), (5t )},( ,v) (ist)

K3,
= Oa.s. —’4 = Oq.s. (1) .
()™ n

These results imply that

2
- . 2 Z
Ell > . AGi1),07.5) A00,0),5.0) €50 o, () U, (k) | P
(i,t)=1 (4,8),(k,v)=1
(:9)A{ (k) (i,0) },(k,v) #(i,t)
Kan
Ous. ( 2 4)
(ki)
Hence, there exists a constant C' < oo such that for all n sufficiently large
2
E (™)' [ . A A 2
Ky Z Z (i,1),(43,8) 1 (0,8), (k,0) € (i,t) Ya, (j,5) Wb, (k,v)
o\ Ge)=1 (,8),(k,0)=1
(7,8)A{ (k) (i,0)}, (k,v) #(it)
2
( Mmin)4 My My, ) .
= Bz |E|~% > > AGi0),,5)AG 1), (6,0)E (i.6) a(,s) Ut (k) | 1P
2\ o= ().(k

w)=1
(7:8)7{ (k,0), (,0)}, (kyv) #(ist)

VAN
Q
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It follows from the Markov’s inequality that for any € > 0,

in\2 | m m ral
(Mmln) n n 5 C
Pr \/% Z Z A(i,tL(JES)A(i,t),(k,v)g(i,t)ua,(j78)ub7(k7v) Z ©
Zn lGp=1 5,8),(k,v)=1
(7,8)#{(k0),(,0) }, (k,0)#(ist)
( 2
(M%’lin)4 Mn mn ) 6
= Prisge | > > A5, i) (ko) €3ty o) Ut ) | 2 7
o (iﬂf):l . (j,s),(k,v):l )
\ (4,5)A{(k,0),(i,0) }, (k,0)#(it)
2
< =F ()" | \" A A 2 <
= 0| Koy Z Z (1,6),(5,8) £ (0,), (k,0) € (i,t) Ua, (5,5) Ub, (k,v) =€
o= Gekw=1
(7,8)A{ (k). (,0) }, (k,v) #(it)
for all n sufficiently large, which shows that
i z": Ao Ad €2 U (i ) =0 Kon (62)
(ZJ),(],S) (zvt)v(kvv) (l7t) a7(.718) ba(kav) p min 2
(i,t)=1 (j,s),(kyv)=1 (")
(7,)A{ (k). (i,1) }, (k) #(i)t)
Now, (60) and (62) together imply that
-1 -1
a'D,"U'AD (e 0e) AUD, b
Mn
2 2 Z -1 Z| p-1
- Y &, WE [5(i7t)].7:n}a’DM E[U(j,S)U(’j7s)yfn]Du b
(i,t),(j,s):l
(i) #(5,5)
= 2": A2 (€2 g U sy — B €2 ]fZE[u S Up. (7 |fZ]
(z,t),(g,s) ('Lﬂt) av(]:‘s) b:(]vs) (7’7t) n av(]:‘s) b:(]vs) n
(i,t),(j,s):l
(i) #(j,5)
+ Do A6 A 0) ) ) Wb (k)
(jvjs)v(kvv)zl (ivt)i{(jvs)v(kvv)}
(5,5)# (k,v)

K2n KQ?"L
= 0O, | —=* 0) :
v ((wﬁnf ﬁ) I (Wn)z)
= Op| s |-
()

Finally, since the above argument holds for all a, b € R? such that ||a||, = ||b], = 1, we obtain the
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desired result

mMn
-1 -1 2 2 7 -1 7 —1
D,'U'AD (e0e) AUD, = 37 A%y oE [gu,t)‘f n}DM E [Uo,s) o)l Fn | D
(4,t),(4,5)=1
(i) #(3,5)

in\2
(k™)

o)

To show part (b), again let a, b € R? such that [|al|l, = [|b]|, = 1 and define uy, ¢, ,) = VD U
and up = U D;lb. We can apply Loéve’s ¢, inequality to obtain

(a'r'z;AD (o) AUDulb) ’ ]—“Z]

NG
- m 2
1 mn
= —B ( > > A(i,t),(j,s)A(z‘,t),(k,v)a/T/ZZ(j,s)E%i,t)ub,(k,v)) 77
L (4,8),(k,0)=1 (:,) #{(4,5),(k,v)}
- 2
2 Ul
< F ( > Yo A G9Ai kY Do E [€%i,t)|ff] ub,(k,v)) |77
L \(4:8):(k,0)=1 (i,)A{(4.5),(k,v) }
_ 2
2p . A A "' 7. 2 E |2 \|F? Z
+E Z Z (ivt)v(j78) (i,t),(k‘,’l})a 27(j78) {E(Z,t) - |:€(’i,t) ’f’l’b ] } ub,(k,’l}) ‘fn
(jrs)v(k’v)zl (irt)#{(jvs)r(kvv)}
= %E [(a,T,ZéADO.ZAUb)2 ‘.7'—5}
_ 2
2 =
o F ( > Yo Aot mnd T 2o 05 (i,wub,(k,v)) |7 (63)
(.7 3)7(k’v):1 (ivt)7é{(jvs)7(k7v)}

where ¢(; 4y = 5%1.7 n—E [5%i,t)|~7:nz } Focusing on the first term of expression (63) above, we can
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apply Assumptions 2(i), 3(ii), and 3(iii) as well as part (b) of Lemma OA-1 to obtain
2

~E [(a/T/ngDUQAub)Q |fﬂ

= ga/’Jr/ZgADO,mE [upuy| FZ) AD 2 AZyYa
n
a'Y'ZyAD,2 A2D 2 AZsYa

1 s
ol R L) :
1 2 A - 2 2
< e i) (o, o)
2 1t ozt
2 Z a'Y'ZyZ5Ya
(s el 228

= Oa.s. (m) = Oa.s. (1) .

Turning our attention now to the second term of (63), note that we can apply the inequality
|XY] < (1/2) X2 + (1/2) Y2, Assumptions 1, 2(i), and 3(iii) as well as part (c) of Lemma S2-1 to
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get

IN

IN

2
2 o A
e !( > > A(z’,tw,s)A(z’,t),(k,v)a'T'Zz,us)%t)ub,(k,v)) 7
(4,5),(kw)=1 (i,t)#{(4,s),(k,v)}
2 < 9
n Z Z ’A(i:t)v(jzs)A(ii):(&h)A(i,t),(k,v)
(J,S) (kyv),(6,h)=1 (i,t)#{(4,5),(k,v),(£,h) }
Xa/T/ZZ(j,s)(I/T/ZQ,(Z,h)E [C?Z,t)|fnzi| FE [ui(kyv)]ff]
2 o
=D > | A.0).G.9) A0, 0) A.), (60) A0, (i1
(4:8):(k,0),(6,h)=1 (4,t)#{(4,5),(k,v),(£,R) }
xa'Y" Zy (j.y0' T Zo (4, h)E Sy, (60| L) B[S (ko) () | FE ]|
2 it Mn
Y'Z ZQTG, 1
max E |e& \|FZ ) ¢ 2 A2 A2
<1<(i,t)<mn [ (z,t)| n} n ,U,ﬁm 2 Z kv)%:h) ) (3,6),(€,h)“ (1), (k)
(k,v)#(3,t)
(f h)#(i,t)
2 1Ant ot
7 a'Y ZQZgTa 1
+ <1< Intai{ |U(Z t)H2 ’f }> n m1n 2 Z Z A(Z t), (4, S)A(Z t),(k,v)
(i,t)<mn )()1(kv)(s)1
(kw)#(i:t)
(LS)#(M)
a'Y'ZZsYa
+(_max E[|Usyl;1#7] max B |l | 77| ) =220
1<(z t)y<m, 1<(2,t) <ma n(lu’n )
> Al Aty (k)

X
(ko)=1  (i,t),(6,h)=1
(@,0)#(k,v),(6,h)#(k,v)

4 21\ ¢ Y Z5Z5Ya
ez, 2 (el (s, 2 [ol=d]) 22

< Y Z A 0).(G.5) Ak ) (i)

(Gt)=1  (kwv),(j,s)=1
(k,0)7#(4,1),(4,8) #(i5t)
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It follows from these results that

(a'r'ngD (coe) AUDulb) ? .

NG

< 2p (/T Z4AD 2 Auy)* | F7 |
n
2
2 mMn
toB > > A6, A (k)@ (G.5)S Gty U (k) | F

" (5), (ko) =1 (1) £{ (Go5) (k)

1 K3,
= Ogs. 9 + Ogs. —72 = Ogq.s. (1)
(pe) (L) " n

Now, by the conditional version of the Markov’s inequality, we deduce that, for any ¢ > 0,

aY'ZLAD (e o) AUD b
Pr( 2 <\/ﬁ) L Ze|fnZ>—>O a.s.
Since )
"Y' ZLAD (e o) AUD b
sup F Pr(a 2 (\/%) £ 25!?5) < 00,

it then follows by a version of the dominated convergence theorem, as given by Theorem 25.12 of
Billingsley (1986), that as n — oo
a/Y' Z4AD (e o) AUD; b
> €
vn -

Pr (
'Y ZLAD (e o) AUD b
Pr ( NG L1 >c| FZ)| —0,

Finally, since the above result holds for all a,b € R? such that [|al|, = ||b[|, = 1, we further deduce
that

= F

Y'ZyAD (e o) AUD, '
Tn =0, asn — 00

as required for part (b). O

Lemma OA-10:
Under Assumptions 5 and 6, the following statements are true.

(a)
4
tr{AY} = tr { (PL —~ M(Z’Q)DEM(Z’Q)) }

- Oa.s. (K2 n) .

)

92



(b) |Sn| = Oq.s. (K2,n), where

Sn

>

(AGi.0),07.5)A), (ki) Ait) (01) A k) (0.1

1<(4,t) < (4,8) < (k)< (€,h)<mn

(c) >

1<(4,t) < (4,8) < (k,w)<(£,h)<mnp

Proof of Lemma OA-10:

+ A60),6,5) A1), (k:0) Al5),00) Alhv),(0,1)
+ Ait), (k) AG5), (ko) A1), (1) Ais) (0.1 )

A1), (k) AG5), (k) Ai), (00) AG,s), ) | = Oas. (Kap)-

To show part (a), note first that P-M Q) = 0 = M(%Q) PL. Now, write

(PJ- _ ]\4(ZQ)D5]\4(Z7Q)>4

Hence,

tr

{
{

tr

(pi- — M(ZvQ)DgM(ZvQ))AI

2
[(pi- — M(Z’Q)DEM(Z’Q)> (pJ- _ M(Z’Q)DﬁM(Z’Q)ﬂ
<pJ- + M(Z,Q)DgM(ZvQ)DgM(ZvQ))Q
(pl- + M(Z7Q)D5M(Z7Q)D5M(Z7Q)) (pl- + M(Z’Q)DEM(Z’Q)DEM(Z’Q))
P+ M(Z’Q)DE‘M(Z’Q)DgM(Z’Q)DgM(Z’Q)DgM(Z’Q)

}

PJ‘} +tr {M(Z’Q)DﬁM(Z’Q)D5M(Z’Q)D5M(Z’Q)D5M(Z’Q)}

= Ko, +tr { MZQ) p M 7Q) pop 1% po A1 %@ po A 2Q) }

In addition, note that

0

IN

< tr{

< <max 5
(i,6)eM

< <max @
(lﬂf)GAl

_ <max 9
(lﬂf)GAl

< <max 5
(3,t)eAL

(i,t)

(ist)

(ist)

(ist)

ZQ) A 1(Z.Q) D1 7(Z.Q) P s(Z2.Q) n (2
tr{M( Q)DﬁM( Q)DﬁM( Q)DﬂM( Q)DﬂM( Q)}

Z, ar(Z, Z, _Af(Z,
M Q)DﬁM( Q)D§M( Q)DﬁM( Q)}



It follows from applying parts (a) and (b) of Lemma OA-1 that

tr{AY} = tr { (PL - M(Z’@D@M(Z’@f}

— Ko +tr { MZQ) po A% pop Q) pop %@ p. M(Z,Q)}
~ 2
2

Next, to show part (b), decompose A = P+ — M(Z’Q)DEM(Z’Q) as follows

= Ko, + < max
(i,t)GAl

- Oa.s. (KQ,n) .

A=L+1T,

where L be the lower triangular matrix such that L) j.s) = Agi), .9 1100:t) > (4,8)}, ie., L is
lower triangular matrix whose lower triangular elements correspond to the lower triangular elements
of A. It follows that

A4
= (L+1)'= <L2 + LI+ 'L+ (L’)2>2
= '+ LU+ UL+ L2 (V) + LU+ LULD + L (L) L+ L (L)’
VUL 4+ U2 + VLD + UL (L) + (L)’ L2 + (L)° L + (L) L+ (L)*
Using the fact that tr {AB} = tr { BA} and tr {A} = tr {A’}, we obtain
tr { A%} =20 {L*} + 8ur (L2} + 4t {12 (L')*} + 2tr {LL'LL'}
We compute each of the terms on the right-hand side above as follows.
tr {L*}

= SN A6l 160 > (G.8)} Ao LG 8) > (k)

(4,t) (4,5) (k,v) (4h)
"4(16,11),(&/1)]I {(kv U) > (év h)} "4(Z,h),(i,t)JI {(év h) > (27 t) }]
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tr {L*L'}
ZZ Z Z (,¢),(4,s) ]I{ v t) (.a S)}A(j,s),(k,v)]l{(ja S) > (k‘,’U)}

(2,t) (4,5) (k,v) (£,h)
X At o), (eI (k,v) > (6, h)} Aoy, I{(6t) > (£, h)}]

> Ai,1),7,8) A5, k0) Ak,0),(60) A ), (,)
1<(4,h) < (k,0)<(4,5)<(3,t) <mn

> Ah), (ki) Alh0),(,5) A0, A1), (6.1)
1<(4,t)<(4,5)<(k,v)<(€,h)<mpy

AG.1),6,9) AlG9),60) A1), (6,6) Ao, (¢,) (DY symmetry of A)
1<(6,8) < (j,5) < (k) < (€,1) <

{12 (1)*}
= Z A(’L t),(7,9) ]I{ 7’ t) ('7 8)}A(j,s),(k,v)1[{(j7 5) > (k?,'l))}
(4:t) (4,5) (k) (R
A(k,v),(ﬁ,h)ﬂ{(év h) > (k>v)}A(&h),(i,t)ﬂ{(ivt) > (ﬁ, h)}]

= > Ai,),35,5)A0,5),(k0) Ak,0),(60) Ae,), )
1< (k)< (8,h)=(7,8)<(3,t) <mp,

+ > Ai.),(5,5)A05),(k0) Ak,0),(6,0) A,R), (5,0)
1< (k) < (6,1)<(5,8)<(i,t) <mn

+ > Ai),G,.5) A5, (k0) Alhv), (6,0) A1), (,0)
1< (k,0)<(4,8)<(,h)<(i,t) <M

= Ai1),7,5) A G,s), (k) Ak,0),(G.5) AG9),0.8)
1<(k,v)<(4,8)<(3,t)<mn,

+ > [AG.0),G.) A 5), k.0) Alh0). (01) A ) (iot)
1<(k,v)<(4,h)<(4,8)<(i,t) <mp,

~

+A G0, (0 A ). (k) Alk ), (G,5) A9, 0.0)]
_ 2 2
= > AG,6.:5) G ), k0)

1<(4,t)<(4,8)<(k,v)<mp

+ > [A(eh), (k) Alkv) (1.6 A(0.0),Go5) Al 5).(0.1)
1<(i,) < (5, 8) < (k,0) < (£,h) <t

+A(01),(.5) AGs) ) Ali0), (ki) Ak ), (0.1)]

_ 2 2
= > A, G9), (k)
1§(i’t)<(jrs) < (k,’U)Smn
+2 > A ),(7.5)A0,),(k,0) AG,9),(0,8) Ak ,0), (61)

1<(4,t)<(4,5)<(k,v)<(€,h)<mn
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tr {LL'LL'Y}
SN A1) > (5,9} AGs),ma T { (R, v) > (4, 5)}
(i,t) (4,8) (k,v) (L,h)
X Aty e L{(k,0) > (6, h)} Aoy, .0 I{ (6, 1) > (€, h)}]
> Ai),35,9) A9), 0,0 Al),(7,5) Ai9),(i.0)

1<(4,8)<(3,t) <mn

+ > A ),G.5)A0,5),(6:0) Alh0),(,5) A Go9),(0.8)
1<(5,5)< (k,v) < (i,t) <min

+ > A ),G.5)AG,5),(60) Alh0),(,5) A Go),(0,8)
1<(j5,8)<(i,t) < (k,v)<my

+ > Ai,1),7,5) A ,9), () A0, (0) Al ), (i,t)

1<(j4,8)<(€,h)< (t,t) <mn,

+ A ),(7.5)A0,5),6.0) Al.6),h) Aeh),(i.8)
1<(€,h)<(5,8)<(i,t)<mp

( + > ) Ai,),37,5) A G5, (k0) Ak, (00) A ), (i.)

k W)<(,)<mn  1<(4,5)<(L,h) < (k,v)<(3,t)<mn

+ > A1), A5, (ki) Ale,w), (6.0) A ), (i,t)
1<(2,h)<(3,s) ) (k,v)<my,  1<(4,8)<(4,h)<(i,t)<(k,v)<mp
2 2 2 2
A(z 0,6, 12 > (A(z',t),(j,s)A(z,t),m,u) + A(z',w,(k,v)A(j,s),(k,v))
1<(4, t)<(a s)<mn 1<(4,t)<(4,8) < (k,v)<mn
+4 > A),(e0) A), (k,0) Ali,0), (6.1) A 9),(6,h)

1<(4,8)<(4,8)<(kw)<(¢,h)<my
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It follows that
tr {A4}
= 8 > [AGi.0),G.9) A 50, (r) Ali.0),(01) Alh,0),(0.1)
1<(4,t)<(7,5)<(k,v)<(€,h)<my
+ AG1),6.5) A1), (0,0) A5, (60) Ak, (6,)
FA (1), (k) A9, (k) A (01) Al 5). (1))

4
+2 > Al Gs)

1<(i,t)<(j,8)<mn

2 2 2 2
+4 > <A< 0,G:) A0, 0w) T AT, k) AT ) T AG),G15) AT, v>>
1S(i7t)<(j78)<(kvv)gmn

_ 4
= 8%, +2 Y Alie

1<(i,t)<(j,s)<mn

+4 > (420,000 + ATty (60 AL 50) + A0, 694D 00
1<(%,6)<(4,8)<(k,v)<mp,

It follows from the triangle inequality, the result given in part (a) above, parts (b) and (c) of Lemma
S2-1, and the symmetry of A that

1 4 1 4
Sul = gr{atag o A(zt)( )
1<) <(4,8)

)<m
- 3 (42 + A2 A2 42 694 0 )
2 (:),(4,5) (i t (k,v) (i:),(k;0) *2(4,8), (ksv) (i5),(4,5) 7 (4,5),(k,v)
lg(ivt)<(j78)<(kav)§mn

1 o1 = 4 3 & =
< gr{Ah+7 D Alnuots X > AT, A0, (k)
(iv‘t)7(jvs'):1 (va):]" . (th)v(kvv):]" .
(4,t)#(J,8) (6,1)#(,5),(k,v)#(j,8)
K3, K3,
— Oa.s. (K2,n)+0a.s. é +Oa.s. :
n n

— Oa.s. (KQ,n)

Finally, for part (c), we take {n(i,t)} to be a double-indexed sequence of i.i.d. random variables

with mean 0 and variance 1 and where 7, ;) and Z are independent for all (z, t) and n. Define the
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random quantities

Ar = > [Au,t),(j,s)A(i,t),(k,vﬂ?(j,s)"(k,v)+A(z‘,t»(j,s)A(j,s),<k,v>77<i,t)’7<k,v>
1§(i,t)<(j,s)<(k,’u)§mn
+A(i,t),<k,v)A(j,s),(k,vW(z',t)%s)]
By = [Au,t),(j,s>A<i,t>,<k,v>77<j,s>77<k,v> + A0, A9, k.0) 0N k)
1<(4,8)<(4,8)<(k,v)<mpy
Az = > Ai,t), (k) A 5), k) 16.0) 1 5)
1<(4,6)<(4,8)<(k,v)<my,

Next, note that using part (c¢) of Lemma S2-1 and the symmetry of A, we have

E[Aj|F7] = E
1<(4,6)<(4,8)<(k,v)<mp

2
Z
( Z A(i,t),(k,v)A(j,s),(k,v)n(i,t)n(j,s)> |F

= > A ), (k,0) A9),(ke0) A(i8), (6,0) A5, (1)
1§(i,t)<(j,s)<{(k,v),(€,h)}§mn

_ 2 2
= > A, (60) A5, (k0)

1<(4,t)<(4,8)<(k,w)<mp

+2 > A ), (k,0) Al9),(k,0) A 0),(60) A5, (1)
1<(5,t)<(j,5) < (k0) <(€,h) <o,

Yo Y Ak A

<
(k,0)=1 (4,t),(4,8)=1
(i,)2(:5)
+2 > A1), (6,0) A5, (6,0) A, (1) A5, (6,1)
1<(5,4)<(j,5) < (k0) <(€,h) <o,
K3,
= Ogs. —= | +2 Z A,t), (k) AG5), (k) A,t), (1) A G5 (01)
1<(4,t)<(4,8)<(k,v)<(¢,h)<mpy
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E [AoA3|F7)

E

( . {AmﬁmUWnAumnummwomnWMgn
1<(41,t1)

<(j1,81)<(k1,91)<mn

+AﬁhthﬁﬂAULﬂMhﬂﬂn@ﬁﬂmhgﬂ})

7
X ( Z A(i27t2)7(k2792)A(jz782):(kz,gz)n(iz,tz)n(jz,sz)) 7
1< (42,t2)<(

Jo,52)<(k2,92)<mn

> [AGi.0),G.5) A1), (ko) A (0.) Ak w), (0.1

1<(4,t)<(4,5)<(k,v)<(€,h)<mn

FA(i.0),.5) A ), (ki) Ali0). (00 Ak ), (0.1)]
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and

E [A3|FZ]
2
A
= E ( {A(i,t),u,s)A(z’,t),(k,v)C(j,sﬁ(k,v)+A(i,tw,s)A(j,s>,(k,v)77(z’,t>77<k,v>}) 7
1<(4,6)<(4,8)<(k,v)<mp
= > Ai),G,:5) A, (k) A1), G5) AR, (0)
IS{(ivt)v(E’h)}<(‘jvs)<(k’v)gmn
+ > Ai,1),7,8) A5, (k0) A1), (60) A1), (0
1§(i’t)<{(jvs)’(€’h)}<(kvv)gmn
+ > Ai,),G,9) A0, (k,0) AG9),(0,0) AL), (0
1<(i,) < (5, 8) < (€,h) < (k) <t
+ Ai),G,.5) A5, (k0) A1), (1,6) A (), (0)
1<(4,h) < (i,t) < (4,8)<(k,v)<man
_ 2 2 2 2
= AG),6.9) A0, (k) T > AGi),6,9)A09), (k0
1<(5,t)<(j,5) < (k,v) < 1<(5,4)<(j,5)< (k,v) <
+2 > A ),G.5) A0, (k,0) A1), G5) AR, (,0)
1<(%,6)<(L,h)<(j,8)<(k,v)<my,
+2 > Ai),G.5) A5, 60) A1), (0,0) AR, (0)
1<(4,t)<(4,8)<(£,h) < (k,v)<mp
+ > Ai,),37,5) A6),(00) A,9), (ki) A0, (6.1)
1<(4,t)<(4,8)<(k,v)<(£,h)<my
+ > A(5),(60) Alk,0),(6,0) Al ), (5) Alist) (6.1)
1<(i,) < (5, 5) < (k,0) < (£,h) <t
_ 2 2 2 2
= > Ali),G.) Al () T > AGit),G.9) A0 .5), (k)
1<(6,t)<(j,5) < (k,v) < 1<(5,4)<(j,5) < (k,v) <
Mp, Mn

(]

2 2
> AG0),G.9)AG), () F 250
(j,S):]- ) (iv?)r(kvv):]' .
(4,)7#(J,8),(k,0)#(4,5)
2
2

K
= Oa.s.
n

,n> + Oa.s. (KQ,n) = Oa.s. (KQ,n)

Since Ay = Ay + Ag, it follows from part (b) of this lemma and the results given above that

E[AYFT] = E[AF]+E[AYF]] +2E [A03)F]]

K3,
= Oa.s. : + 4511
n

2
27”) + Oq.s. (KZ,n) = Og.s. (K2,n) .

K
= Oa.s. (
n
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Moreover, note that

> A1), (k,0) A5, (k,0) Ali), (1) A5, (0.1)
1<(4,t)<(4,5)<(k,v)<(€,h)<my,

<
_ 1 2 A 1 2 2
= $E[ASIF] -5 > A0,k AGo), k)
1§(i7t)<(j78)<(kvv)§mn

. 1 2 A 1 2 2
= 3E {(Al —Ay) Ifn] ~3 Z A1), (k) A5, (k)

1<(4,t)<(7,8)<(k,v)<my

so that, by making use of the triangle inequality, Loéve’s ¢, inequality, and the symmetry of A; we
obtain

> A1), (k) A (k) Ai).(01) A 5) (1)

1<(4,t)<(4,s)<(k,w)<(¢,h)<mp

1
< EAMF]+ B[AIF] 45 AL )00 A5) (k)
1<(33,t) < (4,8) < (k,v)
1 mn mn
< BEAIF+EDIFE]+5 ) ) Alit) o) A0 (15

(k,U)Zl ) (i,t),(j7§):1
(4,6)# k), (4,5)#(k,v)

= Ogs (K2p). O

Lemma OA-11:
Let L be the lower triangular matrix such that Ly ;) = A5 1100, t) > (4,8)}. Then,

under Assumptions 5-6,
2 = Oue. (V).

where ||-||» denotes the Frobenius norm, i.e., [|A||p = [tr (A’A)]I/Q.

Proof of Lemma OA-11:
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By parts (b) and (c) of Lemma S2-1 and part (c) of Lemma OA-10, we have

(12}
= tr{LL'LL'}
_ 4 2 2 2 2
= . Al t2 > [Au;t),wA(z’,tw,v) + A(z;t),(k7v>A<j,s>7<k,v>}
1<(4,8)<(4,8)<mp, 1<(4,8)<(4,8)<(k,v)<mp,
A > A, 000) A). G0 A0 (em A, (i)
1<(4,t) < (4,8)<(k,0)<(£,h)<mn
4 2 2 2 2
= Y Al T2 > [Au,t),(j,s)A(zuw,(k,v) + A(z’,t),<k,v>A<j,s>,(k,v)}
1S(i,t)<(j,8)§mn 1§(i,t)<(j,s)<(k,v)§mn
+4 > A1), k0) Alk,0),.5) Ais), (60 A, ()
1<(4,6)<(4,8)<(k,v)<(L,h)<my,
n A Mn Mn, 9 9
<) At > Al 1), k,0) Ak,0),G,9)
(i’ )7(j’s):1 (k’v)zl (i’t)7(j’s):1
(i:)%(.5) (i) (k0), (o5) (k)
+4 > Ait),0,0) A e,0),Gi,5) A5, (00) Al (i,t)
1<(4,8)<(4,8)<(k,v)<(£,h)<my

K3, K3,
— Oa.s. _27 + Oa.s. : + Oa.s. (KQ,n) — Oa.s. (K2,n) 5
n n

from which the required result follows. [J

Lemma OA-12:
Under Assumptions 1-6, the following statements are true.

(a)
171 171 A 7(Z1,Q)
n n
(b) —177/ —1
D, 'U'AUD, =0, (1)
<C) ! 71 1 177/
Y/ Z,AUD,; D 'U'AZY

\/ﬁ :Op(l), T—Op(l)

Proof of Lemma OA-12:
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To show part (a), note that, by making use of the fact that M(ZQ) 7, = 0, we have

Y Z4 AZ Y Y ZyP 2 Y X' ZyM PR DM ED 7,7
n n n
Y’ Z, P+ Z,T
n
Y7 (p(Z,Q) — p(Zl,Q)) Z5Y
n
' Z, (M(ZLQ) — M(Z,Q)) Z5Y
n
Y 74 M(21Q) 7,
n

Moreover, part (iii) of Assumption 3 implies that

T%M%@&T<T%%T
n - n

— Oa.s. (1)

where we take A < B for two square matrices A and B to mean that A— B is negative semi-definite,
or, alternatively, B — A is positive semidefinite. It follows immediately that

Y Z4AZ,X Y ZLMZQ) Z,Y
n n

— Oa.s. (1) 5

as required.
To show part (b), note that, for a, b € R? such that ||a|, = [|b], = 1, we write

aD'U'AUD, ' = d'D,! Z A6V U s | Du'd
(i.0):G.8)=1
()20
= > A(z',w,(j,s)ua7<i,t>“b7<j,s>a
(i.0):G.6) =
ey

where ug (; 1) = a’D;lU(M) and uy (j¢) = b’D;lU(j’s). Next, making use of the CS inequality, part
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(a) of Lemma S2-1, and Assumptions 1, 2(i), 3(ii), and 5; we get

E[(a/'D; 0" AUD, ) | 7]

2
= £ D AwnGotain G | 1FL
(ivt)7(jvs):1
(.20.5)
= > D Aw.G9) Ak eh) E [Ua (i) Un, () ba, () o) | F

(i.,t),(4,8)=1 (k,v),(£,h)=1
(@,0)#(Gs)  (kw)#(6h)

= > A0 { B[Rl FE] B [0 01 FE] + B [t inun 0 FE] B [t G601 F2] }
st
7, 2,8

Mn
Z A%i,t),(j,s) {E [“i,(i,t)‘}—ﬂ E [“g,(j,s)’ff] + L H“av(i,t)“bv(i,t” ‘]_—nz] E H“av(j,s)“b,(j,s)‘ \}"ﬂ}

(ivt)v(jvs):]-
(4,6)#(3,8)

Mmn

Y AL GeE [ug,(i,t)’fﬂ E [Uz,(j,sﬂfnz]
(ivt)7(jvs):1
(4,1)#(3,5)

= 2 2 7 2 7 2 7 2 7

+ 2 A \/ B2 177 \/ B[ 177 \/ AN \/ B[ |77
(th)7(.775):1
(G)%(5.5)

CKay 1 o
min\4 K. Z
()™ B2 ;=1

(1,07 (j»s)

= Oa.s. ( K2.7n4>
(k)

= Ogq.s. (1) 5

IN

AN

IN

2
A, Gos)

It follows from the conditional version of the Markov’s inequality that for any € > 0
Pr (|a'D,'U'AUD;"b| > €|F7) — 0 a.s.

Moreover, note that
sup B [|Pr |/ D; "0 AUD, 0| = o FE) ] < o0

Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley
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(1986), it follows that as n — oo

Pr (|a'D;,'U'AUD; 0| > ¢)
= E[Pr(|a'D,'U'AUD,"b| > €| F7)] =0

Since the above result holds for all a, b € R? such that ||a|, = ||b||, = 1, we further deduce that

D'U'AUD, " =0, (1),

as required.

To show part (c), again, let w4 = U(i,t)D;jlb. Note again that, by making use of the

conditional serial independence assumption in Assumption 1, we have

r _ 2
5 oY’ Z4AUD, b 7
NG
— 2
1 mn
= F \/_7_1 Z A(i7t)7(k7v)a/T/Z2,(i7t)ub,(kﬂ/) ‘fnZ
(3,t),(k,v)=1
L (i,t)#(k,v)
1 mn mMn z
- n Z Z A(i,t),(k,v)A(j,s),(é,h)a/T/Zz(z’,t)G/T/Zz,(j,s)E [ub,(k,v)ub,(&h)|fn]
(Z',t)7(k},1}):1 (j,s)(&h):l
(@,0)# (k)  (4,8)#(Lh)
_ 1y . A A "Y' Zy (.00 Y Zg (.0 Dy B Uiy Ul | FZ| Db
- n Z Z (7/7t)7(k7v) (]78)7(kvv)a 27(th)a/ 27(]78) 14 (kvv) (k,v)’ n 12
(k?,’U):].‘ (i,t),(j,§)=1
(%ﬂ#( ’ )1(]73)¢(k11})
- 9 Z_
maxy < (kw)<m, B | [Uteay 5 177 ] 1 22 o
S ( min_)2 ] E Z Z A(ivt)v(kvv)A(jvs)7(kvv)a,T,Z27(i7t)a,T,Z2v(j75)
oy (k,v)=1 (i,t),(4,8)=1

(1,0)7#(k,0),(4,5)#(k,v)

_ L
max <) <mn B | Utk 5 17 | /0 2544 ZyYa

(papin)® n
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Next, by note that

a Y ZLAA' ZyYa

n
_ a/Y'Zy (P — MEZQ D MZQ) (PL - MZQ DMZQ)) Z5Ya
n
a/Y'Zy (P + MEZQ D MEZQD D MZQ) ZyTa

n
X' ZLP+ZyYa

n
a7} 7y a
n

IN

from which it follows by Assumptions 2 and 3(iii) that

192
oY ZyAUD;, 1b] FZ

\/ﬁ n
2
maxs<(ymn B | Uik 3177 | 0 24 2,
- (i n

Oq.s. (m) = Oq.s. (1)

It further follows from the conditional version of the Markov’s inequality that for any ¢ > 0

Pr ( > 6\.7-"5) — 0 a.s.
Pr ( > 6]?5)

Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley

(1986), it follows that as n — oo
o' Zy AU Db o' ZyAUD b ,
Pr >e|=FE|Pr > €| F7 -0
vn vn

Since the above result holds for all a, b € R? such that ||a|, = ||b||, = 1, we further deduce that

Y ZLAU D b
NG

In addition, note that

/Y Z,AUD ’

vn

< 00

sup F
n

!zl —1
SR ),
n
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Moreover, it follows immediately that

DU AZyY Y7, AUD-1’
#—:<# =0, (1),

7/ i

as required. [

Lemma OA-13: Let A = P — M(ZvQ)D;gM(ZQ). Then, under Assumptions 2-6, the following
result holds as K2 ,, n — oo.

n T; T KS
2 2 _ N
> > > A(m),u,snA(i,tzw,sa)—OM( n? )

1,j=111,ta=1 s1,80=1
1#£]

Proof of Lemma OA-13:
To proceed, we apply the inequality | XY| < (1/2) X2+ (1/2) Y2 as well as the result given part
(b) of Lemma S2-1 to obtain

Z Z Z ltl (4:51) %”2):0}82)

i,j=111,t2=1 51,52=1

i#j
1 n T; T; 1 n T; T}
< 520 2 2 Awusts 2 D 2o Al
i,j=111,ta=1 s1,52=1 i,j=111,t2=1 s1,59=1
i#] i#]
T2 Mn T2 Mn
4 4 . ..
s 5 A G T3 Do Alia e (by Assumption 6(ii)
(i,tl),(j781):1 (i1t2)7(j782):1
(4,t1)#(4,51) (4,t2)#(4,52)

Lemma OA-14: Suppose that Assumptions 1, 2, 5, and 6 are satisfied. Then, the following
statements are true.

(a)
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where

T;

.

1
A2 = Koy Z (z t),(4,8) {Zj(z t),(i,h) Z ( (i,h),(3,9) ) %i,g)
(i), (G)=1 g=1
(4,8)#(4,5)

Iy T
XZJJS (JU)ZZMJU) (4,9) ]v)(jc)e(JQ) (4,c)

q=1 c=1
c#q

(b)
1
A3 =0, <\/_7_z> ;
where
1 T; T, T;
. Q
Az = Ko Z A(zt) (5,8) Z (4,8),(i,h) Zle (zh) (i,r) € (1,9) € (i,r)
" (4,8),(7,8)=1 h=1 g=1r=
R r79
Tj T] 2
2
<Y )G Z( ]q)) E(j,q)}
v=1 q=1
(c) -
A1,4—op< ;)
where

1
Aa = Ko Z A(
" (i), (55)=
(i,t)# (J,S)

)G) ZJm WS,

(z R),(i,r) € (i,9) € (i,r)

1r=1
I g
Tj J ]
X Zl J(.5),60) 2 2; My O G0 EGDE )
v= q=1 c=
ctq

1
=0, (7).
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where

Ay
1 T; T] 2
= T Z Al D o), zh)( (zh)MQ> > TG, m( M 5)
" (3,t),(7,8)=1 h=1 v=1
(i,t)# ( 5)
L A?
_K Z (i,t),(j,5)€ (lt) (JS)
" (1), (j,5)=1
(4,6)#(4,9)
Proof of Lemma OA-14:
To show part (a), write
1 T T 9
_ 2
-/41,2 = Ko, Z A(zt ),(4,8) ZZ‘J(” )>(3,h) ( zh)(,g)) €(i.9)
" (4,t),(7,8)=1 g=1h=1
(4,6)#(4,s)
T} T T;
Z (4,8),(4,v) ZZM (j v),(J,¢) €(,9)€ (i)
qg=1 c=1
ctq
2
= K2 ZZAm zs>ZZJw in (M)
i=1t,s=1 g=1h=1
t;és
T; T, T;
2
XD T (i) ZM C oM 0 6e G080
v=1 q:]_ —1
g
n T, T; 2
2
Z A(z,t j,s)ZZJ’Lt (4,h) ( (3,h), ('L,g))
2 i,j=1t=1 s=1 g=1h=1
i#j
T} T T;
XZ (4,8),(4,v) ZM (j v),(j,¢) (i,g)s(j"I)g(ij)
v=1 qg=1 c=1
c#q
= A1+ Ai22
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Now, applying part (f) of Lemma S2-1 as well as Assumptions 2(i), 5, and 6; we obtain

UAl 2.1 |7:Z]
n T T; 9
< K2 Z Z (4,8),(3,5) ZZ |J(i7t),(i7h)| (M(Qi,h),(i,g))
i=1t,s=1 g=1 h=1
t;és
T, T;
X Z }JZS (i,0) ’ZZ (3,v),(%,q) ‘ ’sz) (3,¢) E Hg%z‘,g)e(i,q)e(iyc) |‘7:"Z}
qg=1 0;1
< T°|JI1% (lg(i,tgfl(?:}s()gmn M(Cf',t),(j,s) ) <1§(in}t?§mnE [E?M)U:ﬂ) Kom Z Z A (6,0),(1,5)

=1 t,s=1
t;és

Ko p
= Oa.s.( 2’>
n

Moreover, let ¢(; o) = E%Z- P E {8?1 g)|.7-"nZ }, and, making use of Loéve’s ¢, inequality, we can write

E AL 5| 7]

n T; Tj T, T, )
s 2E K2 >0 DD Ao 2o 2 Tannen (M )
M g=11t=1 s=1 g=1h=1
i#]
2
T;
Z (4,8),(d U)ZZ (4,v),( jq )(j c)g(lag) (7.9)€ (Gic) “7:-7%
S g
n T; Tj T; Ty 9
+2E ZZ Ao G D D T (zh( zh)(z,g>>
2 i,j=1t=1 s=1 g=1h=1
i#£]
T 2
Z (G, v)ZZM oG MCG0F [l FE | cazia | 17
g=1 c=1
c#q

Now, note that, by the decoupling inequality given in Lemma OA-7, there exists a finite constant

C3, whose explicit form is given in Lemma OA-7, and independent copies { <g§f)t)7ggf)t)> };”n) 1 (for
) ? 1,t)=
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¢ =1,2,3) of the sequence {( €3, t))}ZMtL) , such that

n T, Tj T, T; 9
28 Kzn > A 2 9 Ta i) (Miny o)
1,j=1t=1 s=1 g=1h=1
i#]
2
T, T;
XZJ% ):(3,v) ZZ Gyv), ]q) ],v) (J,c) (79)60‘1)6(30) |fnZ
=
' L T 2
< (2-C5)E ZZZA G 2 D i, zh( (i-h), (i, )>
2n i,j=1 t=1 s=1 g=1 h=1
1#£]
2
T;
) (2 (3
Z (G:5),G0) 22 oM GasimEcasen | 177
q=1c
= 2 03 K22 Z Z Z Altl) (4,51) (Zt2) (4,52)
M 4. j=11¢1,t2=1 s1,s2=1
i#]
2 2
XZ Z (i,t1),(3,h1) HJztz (lh2)‘ (Mg,hl),(i,g)) (M(Qi,fm)y(i,g))
g=1 h1,ha=1
5 A Q Q
X Zl\ Gos.Goon) | [T GG }lel) G qu Gon)s (G0 ‘Mg,w),(j,q)()M(jm(j,c)
V1,V2= 9= g;«_éq
< [(s0) 172 () 2] B[ ()" 1]
8 2
< @I (( max M&),U,s)) (K(inggmnE[eé,t)\fﬂ)

T

T;

2 2
Do > Al e Alie) )
St

n
1
K2 E:
2 j= =1s1,50=1
lsﬁj
2.n

K
= Ogs. < é > = Oq.s. <1> )
n n

where the (almost sure) order of magnitude above is calculated using Lemma OA-13 and Assump-
tions 2(i), 5, and 6. Moreover, a further application of the decoupling inequality given in Lemma
OA-7 shows that there exists a finite constant Cs, whose explicit form is given in Lemma OA-7,

1t
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such that

()

and independent copies {5(1' t)}mn ) (for £ =1,2) of the sequence {5 it }( =1

n T, Tj T, T, 2
2F K2 > AL oG 2 D iy (M(Qz',h),(z‘,g)>
M i=1t=1 s=1 g=1h=1
i£]
T} T; Ty 2
X Z J(5.9),Gi.0) Z Z (5,0),(J, oM ) Gol {g?ivgﬂf’?] G0 () 7
v=1 q=1 C;l
n T; Tj L T 2
< 202E ZZZA(zt)(]s ZZJ(Zt) i,h) < Zh)(79)>
2,n i,5=1t=1 s=1 9=1h=1
i#£]
. 2
Zl (4,8),(G v ZIZ ), 3, q) )7(j:C)E [E%i:g)’fnz] ggjl',)q)gg,)r:) "7:”Z
= E;Aq
< 202 Z Z Z Z Z (zl,tl (4,51) %12,t2),(j752)

’"zlzz 1 j=1 t1=1t2=1s1,52=1

JFi1,02
Ti, )
Q
M(i2’h2),(i2,92)>

2
Z il,tl) (il,h1)| }J(i27t2),(i2,h2)} (M(?l,hl),(il,gl)) <

‘M< Jq)H Goz)i ()

T Ty
Z (4:51), JU1HJJS2 Jv2}22) (JUI)JQHMJ'Ul ),(4,¢)
v1,v9=1 q= 127'&;

XE[ (i1,91) |:FZ} {E(W 92) |}_Z} E [(8(32) ‘}-Z] [(EEJZQ)C)Y ‘}f]

>8< max E[a%@t)\}"fDZl

1<(4,t)<my,

Q
MG 1).G.s)

max

20T 7|1 (
1<(14),(7.8) <

Zl 12

Z Z ZZ Z Allﬂfl) (4,51) (127152) (4,52)

7n i1,02=1 j=1 t1=1t2=1s1,52=1

J#i1,02
1
- Oa's' <_>
n

where the (almost sure) order of magnitude above is calculated using part (e) of Lemma S2-1 and

K?,n) + Oa.s. <l> = Oa.s. <l> ;
n n

E [A%,2,2|-7:nz] = Oy.s. < n2

IN

Assumptions 2(i), 5, and 6. It follows that
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so that, by the triangle inequality, the conditional version of Liapunov’s inequality, and Assumption

5(ii), we further obtain

E [|AL2| |F7]

IN

E [|A12.1] |F]] + E [|A122] |F7]

E[| A1 |F7] + \/E [A%,2,2|7'—nz}

Ous <K2> O <%> ~0,. (%)

Hence, there exists a constant C' < oo such that for all n sufficiently large

B [VilAv) = Bw (VAE [l 412l |FY]) < T

It follows from the Markov’s inequality that for any € > 0,

Pr <|\/T_l-/41,2} > g) < €M <e

C

for all n sufficiently large, which shows that

Ar2 =0, (%) . (64)

To show part (b), note that since A is symmetric, so that Ag ) () = A(js),(i), it follows that
A2 = Ay 3. Hence, using the same argument as that given for part (a) above, we can show that

Az =0, (%) . (65)
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Turning our attention to part (c), note that, in this case, we can write

m T;
1 n 2 K2 Q
Arg = Ky Z A(iyt),(jys)zjzt zh)ZZ i) M), (6. € (.9) E i)
o (4,8),(4,8)=1 h=1 g=1r=1
(i-t)7(3>s) r79
T} T; T
Z (7,8),35v) ZZM (jq ),(j,c)g(j’Q)E(jvc)
=1 qg=1 c=1
c#q
- K2 ZZ (4,0) (jS)Z (45t),(4,h) ZZMzh ),(2,9) ’Lh)(l?")
=1 st=1 g=1r=1
s;ét r#£g
T T T;
XD JG.s).6w) Z ME ) oMt (.05 60 EGrE DG
v=1 g=1c ;
n T; T T
Q Q
KM > ZZ (.G D T o) D DM 6 M, (i)
i,j=1 t=1 s=1 h=1 g=1r=1
i#] T#g
T Ty Tj
Q Q
XD JG9.60 2 2 My G MCw). 6.0 0SNG Gie)
v=1 q=1 g;é
= Aja1+Arap.

Now, by the triangle inequality, part (f) of Lemma S2-1, and Assumptions 2(i), 5, and 6; we have

[!A141||fz]
< KQnZZ (3,8 'Ls)Z}JZt (lh}ZZ’ (3,h),( 1gH (?)(’LT)
ilsst;étl g= 1:3@1}

E [|etgeimeinsie | 177 ]

XZUJ,s)av}ii) ME 0| [ME 60

qg=1 c—l

IN

4
> <1§(Ii171t?§mn [ |FZ}> KQnZZ %, ),(4,8)

=1 s,t=1

T [Balis max M
© \1<(3,0),(4,8) <mn

(4,1),(5,5)
KZn
= a.s. : = Oq.s. 1).
Ons (F22) =000 (1)

In addition, by the decoupling inequality given in Lemma OA-7, there exists a finite constant Cy,

Mmn
whose explicit form is given in Lemma OA-7, and independent copies {sgf)t) }( - (for ¢ =1,2,3,4)
) ) (0=
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of the sequence {5(1 t)} , such that

E[A 45| 7]

n Tz Tj Tz
= K2n 2 At 2T, ’h)ZZMzh) M i)
i,7=1t=1 s=1 h=1 g=1r=1
1#£] r#g
T J J 2 z
Z G.G0) D 2 My M GoEGaEinEGacGa | 1
=l
04 n T; Tj T; T T
< 2B 2 2D A 2o Ten.im D DS M M6
2,n ij=11t=1 s=1 h=1 g= 1 =1
1#j g
2
Tj T] TJ
LD @ 3 @
Z_:l (G:5), () ZIZMW MGGt inEantiatie | Fr
v= q= ;
04 n T; T;
< > > Z Al ) Gen At G D 1@l [Tie),he)|
’an 1t1,t2=1s1,52=1 hi,ha=1
i#]
T
XZZ’MW H (?hl),(z‘,r) ’Mg,hg),(i,g)‘ ’M(Qi,hg),(i,r) Z ‘J(jasl)a(jﬂfl)}‘J(jasz)a(jﬂfz)}
g=1r 'r;gl] v1,v2=1
@ \?
XZZ‘M]UI JqHMJvl ‘ (4,v2),(4,9) ‘ ‘Myvz )>(4:¢) E[( (%9) |]:”Z}
q=1 C—
4) \?
xE[( ) \]—“Z] [(E(m)) |F5]E{(€(LC)> |]—“f]
<

CiT % <1<(i5n(?}§)<m ’M(i,t),(j,s)

8 ) . 4
> (K(%’?mn L {E(i,t)’an
Z Z Z A’Ltl (J4,51) zt1)(]81)

2”1] 1t1,t20=151,52=1
i#]

K
= Oa.s.( 22771)
n

where the (almost sure) order of magnitude above is calculated using Lemma OA-13 and Assump-
tions 2(i), 5, and 6. By the triangle inequality, the conditional version of Liapunov’s inequality,
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and Assumption 5(ii); we then obtain

E[| A4l |FE] < E[JAvaal||FZ] + B [|Avaz| | FE]

B (| Ayl |FZ) + B |43 4,77
K Koy K.
= Oa.s. <ﬂ> + Oa.s. <—27> = Oa.s. < 27”) = Oq.s. (1) .
n n n

Hence, there exists a constant C' < oo such that for all n sufficiently large

n n —
E [K 7 ] = Ey <K2,nE [ A4 !ﬁ{]) <C.

It follows from the Markov’s inequality that for any € > 0,

IN

for all n sufficiently large, which shows that

Kan
A4 =0, < = ) . (66)

n

Finally to show part (d), note that we can decompose .4; as

Ay
1 o 5 , 0.\
= Ton > Al mZJ(zt) (i,h) ( €M 5) > JaG) (e(mM 6)
(zt) (j,8)=1 v=1
(i.0)2(5:9)
1 - 2 2 2
"o > Aot
" (0,),(7,5)=1
(i) £(3,5)
1 T, T,
_ Q Q
" Kan E A(zt ms)ZJ(%t) (i,h) ZZM(i,h),(i,g)M(i,h),(i,r)s(i,g)g(im)
(zt) (j,8)=1 g=1r=1
(i) £(:9)
T J J 1
Z GG 2 2 MGy G0 MG ) Giof G GO~ Ty Z Ai).6.9560% 0
q=1c=1 7 (4,t),(7,8)=1
(1) 2(:9)

= A +Ai2+ A3+ Aig
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where

Ai
1 Mmn T, Ty o ] J 9
_ 2 9
Ky Z A(i,t),(j,s) Z Z J(i,t),(i,h) (M(i,h),( ) J(_] 8),(4,v) ( (), q)) €(.q)
(i), (55)=1 g=1h=1 q 1o=1
(i t)#(] s)
1
5 Z A(z 0.6) %) o)
( )75(3 S)

and where A;2, A;3, and A; 4 are as defined in parts (a)-(c) above. We will first show that
Aj1 = 0. To proceed, note first that it is easily seen that M Qo M@ is a block diagonal matrix,
which can be written as

(M@ o M@), 0 0
M9 o M@ — 0 (MQOMQ)2 :
: " 0

0 0 (M9oM@),

where the i*" diagonal matrix (MQ o MQ)Z. is T; x T;. Moreover, by definition J = (MQ ) MQ)_l,
where the inverse exists in light of Assumption 6. Hence, J can also be written in block diagonal
form as

J 0 - 0 (MQOMQ);l 0 0
. . 1 .
P2 - 0 (MQ o M@),
PR (| : 0
o --- 0 J, 0 0 (]\4@01\4@);1

Let e(; ) be an m;, x 1 elementary vector whose (i, t)th component is one and all other components
are zero, and let e, 7 be a T; X 1 elementary vector, whose ht" component equals one and all other
components equal to zero. Using these notations, one can show by direct calculation that, for any
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t,g €{1,...,T;} and for any i € {1,2,...,n},

T; 2 T;
; J(i 1), (,h) ( (i,h),(i ,g)> = hz:l‘f’(z‘,t)t]‘f(z‘,h)el(i,h) (M9 0 M@ ey

.

/ /
= Y dndienzenr, (Mo M?) ey,

h=1
T;
— g (M2oM?) S enmeh g, (M@0 M?), ey,
h=1

= el,hTi (MQ © MQ)f;l (MQ © MQ)ieQ,Ti

= eg,TiITi €g9,T;
- 1 ift=g
- 0 ift#yg

These calculations imply that

A
1 Mmn T; 9
- Ko );) A6 hzl‘](i’t)’“’h)( (ish zg)> i Z TG (Jv)( L(m)) “Gia)
’ i,t ,j,S =1 g,h= qv_
(i) £(3:5)
1 - 2 2 2
T 2 Gt
T (E1),(4,8)=1
(i) #(3:5)
— 1 - 2 2 2 1 5 2 2 2
= Ko > AinGotodte ~ Ko > Aol
" (i5),(5,8)=1 " (00),3,8)=1
(GH)#(:9) (14)#(5:5)

Combining (67) with the results obtained in expressions (64)-(66) above and making use of As-
sumption 5(ii), we further obtain

A1 = A +Aig+Aiz+Aia
1 1 Kon\ (1
() o (GR) o (B) =0 ()

Lemma OA-15: Let Assumptions 1-6 be satisfied, and let {5 } be a sequence of estimators such
that

n p
(5,,1—(50H2—>0asn—>oo,

as long as \/Ks,/ ( mm) — 0. Then, the following statements are true.
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where

where

where

As 3

Az1 =0y <%) =0p (1),
4 Mn, T; N
A271 = K2 - E A%i,t),(j,s) {Z J(i,t),(i,h) <6/(i,h) PZ 5> (e/(i,h) MQ€)
7 (i0),(5,5)=1 h=1
(i,t)#(4,5)
Ty
1
<> T, (‘fme z 5) (‘fluyv)M Q5> }
v=1
Az o = Op (1),
4 My, T; N
Az = o A%ivt)’(jvs) {Z J(i,t),(z',h) (el(i,h)PZ 5) (el(i,h)MQeE)
7 (i8),(5,8)=1 h=1
(i,t)#(5,5)
T;
XD JG).60) (e'u,v)M “AX {571 - 50}) <€'<j,v>M QE) }
v=1
A2z =o0p(1),
4 mn T; .
< 7, 5 s {0 (e ax i -a]) (o)
(2G29)
I;
1
XY i), (‘f'(j,v)P ? 5) (‘fb‘,v)M Q5> }
v=1
"42,4 = Op (1) )
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where

Az = Kin i Al G.9) {Z%t) (i,h) ( (i MPAX [gn—%]) (eb,h)MQf>
R ey
.
X i;c’us),(m (e'(m M x [5 —50]> (%zv)M QE)}
=
(e)
Az =0, (1),
where
Aa
_ 4 Z A(zt JS)ZJ(” ),(:h) ( zh)P E—i-el(i’h)M(Z:Q)X [?S\n—égb <e’(i7h)MQ€>
™ (5),s)=
(B

X iﬂ]}s)(jw) <el(j,v)PZL6 + €l(j7v)M(ZyQ)X [gn B 60}> <e/(j’v)MQ6>

Proof of Lemma OA-15:
To show part (a), we first apply the triangle inequality and the inequality | XY| < (1/2) X2 +

(1/2) Y2 to obtain

| Az,
A T
< K Z A(’L t),(4,8) {Z (4t 7(ivh)|
M (3,8),(4,8)=1 h=1
(lt)#(J s)
T]
3 Womonl (P2 () (") (egmwg)}
< «42,1,1 +A2,1,2
where
9 ' 2 2
s = Z A(m JS)ZZ\JH @ml [G.9), Jv\( thZl) (e'(j,v)M%) ’
T (0),(59)= h=1v=1
(4,6)#3, 8)
9 2
A2,1,2 = Ko Z A( ]s)ZZ’JH‘/ zh)HJ(js) jv‘( thQ) ((jv)PZL ) :
" o

120



Clearly As11 > 0 and Ag 12 > 0. Next, note that we can apply Assumptions 1, 2(i), 5, and 6 as
well as part (a) of Lemma S2-1 to obtain

E[.Agll‘]'—z]
T,
2 J
= Ko, Z A( (7:5) ZZ’J” ”LHJJS)” Z (G,v), JQ)ZM ),(4,9)
7 (4,t),(4,8)=1 h=1v=1 q=1
(i.0)7£(.9)
<3 Flian S FleoEls 7
(i,h),(L,r) (i,h),(k,c) {1 7‘)6(166) (]qe(jg| ]
(l,r)=1 (k,c)=1
9 T;
< Ky, Z A( ,(7,9) ZZ’JM zhHJ]s) j?}}
’ (')(js')l h=1v=1
(4,8)#(3,5)
T} 9
XZ;(MS,U)( ) ( (i.h) (aq) E[&‘?j,qﬂfﬂ
q=
2 LoD 1 2
+K2,n Z A(Zt) (4,8 };Z;}J(zt) (4,h) ‘ ’JJS JW‘E}( (J,v) (]q))
ey o "
i 2
X 2): (P ﬁ»(z,r)) E[g?z,m’f nZ]E[E%j,qﬂf nZ]
1
T}
4 T 1
+E( Z A(Zt) (4:5) ;Z}J@t) (4;h) ‘ ‘JJS ]U)|Z‘M]’U ),(4,9) ‘ ‘ch (jq‘
o—1
(t#(JS)

XZ‘MJU (JgHch ):(4.9) ‘E[ JQ)’}—Z} [%j,g)’}—rbz]
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2 2
Q E |4 | FZ PZ.
<1<(i7t1)r71&);)<m ‘M(z,t),(LS) > <1<(in’1t?)l><<mn [E(z,t)’an <1<$?§mn (z,t),(z,t))

oT || J||*
X Z Al G9)
2.n
T (i0),(,s)=1

(i) #(3,s)

2
2 7
) (jmax B [017])

Mn

zZt 1
g <1<(¢Iﬁ?§mnp<m:<m> Kon, Z A(zt) (7:5)

2
2 |z
<1<(I£e?§mn E [E(“) & }>

( 3 ( EY
>2
Z Afi0.G.0)

(i,t),(4,5)=1
(4,)#(J,s)
2

2
= Oa.s. <K > + Oas <&> + Oa.s. <£§L = Oa.s. <&> . (68)
n n n n

In the same way, we can also show that F [Ag,lg\fﬂ = Oq.s. (K, /n), from which it follows

+2T || J|)? max
2 \1<6t),(j,s) <m

2 2
4T ||J m
AT 7115 (( ax

M@
<(it),Gjrs) < | (B1)

DAV

2
ZJ_ 1
8 (1§(zmt?§mn P“’t)’(i’t)> Koy,

E[|As1||FE] < E[AnalFZ] + E [Az12|FZ]

K K, K
= Ogs. (_n) + Og.s. <_n> = Og.s. <_n> .
n n n
Hence, there exists a constant C' < oo such that for all n sufficiently large

FE {Kin |./4271|] =Fy <K£nE [|A271| |.7‘HZ]> < C.

It follows from the Markov’s inequality that for any € > 0,
Pr ( > 9) < e EllAall

n
—A = €

> “'K, T

for all n sufficiently large, which shows that

Ky

Asy =0, <ﬁ> — 0, (1). (69)

n

To show part (b), we again apply the triangle inequality and the inequality | XY| < (1/2) X2 +
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(1/2) Y2 to get

| Az
4
< K2n Z A(zt js)Z}J’Lt (zh}z‘t](js (J,v)
% s)=1
((t))J(J s)
X (e’(i h)PZla) (e'(i’h)MQf;“) <e’(j’v)M(Z’Q)X Fn — 50]> < €, U)MQ )‘
4 T; T;
= T Z Al .G 2 1 Toim | 21 GG
(,8),(4,8)=1 h=1 v=1
(i,t)#(4,5)
X ‘(e'(iyh)PZL.E) (e’(i,h)MQe) (e'(j,v)M(Z’Q)U {gn — 50]> <e'(j7v)MQ€>’
My, T; Tj
< o 2 Anee 2 2 Pananl 16 60l (el(i,h)PZl&?) (el M )
0 G0),Gas)=1 h=1v=1
(i,t)#(4,5)
2 LD
+K2 Z A( ,(7,9) ZZ‘JZt zhHJ]s (JU}( ZhMQ)
,n( ),(4,8)=1 h=1v=1
(i.7.9)
X ey MEDU (5, = b0 (60 — 0] UM,
< Oy — 50H2A2,2,2,
where
2 2 2
Az21 = o Z Al 0.69) ZZ‘JM @] [G.5),G0) }< thZL ) (e/(j,v)MQ€> >
’ h=1v=1
((z t)sf]'é(sJ)S)1
2 Gl L G
Arzz = D Ao DS Vanml s gl (o)
21 (1), Gs)=1 h=1v=1
(D#(7.5)

/ Z, / Z,
xefy o MPDUUMEe; )
Note that Ay 21 is the same as Ajg 11 above, so from expression (68), we get

0 < E[Ag21|FZ] = Oq.. <%> .

Moreover, using a similar argument as that given above to show expression (69) allows us to deduce
that

Asay =0, <%> — o, (1). (70)
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Next, making use of the decomposition M (%@ = MQ—PZ" with PZ" = M@Z (Z’MQZ) ! Z'M@,
we can obtain the inequality

el yMPQUU' MZ e

i) [MQ - PZL} Uy’ [MQ - PZL] €Gi)

€L €L 1
< e/(jvv)MQUU'MQe(m) e'(j,v)MQUU’PZ €(jw) +e’(j7U)PZ UU'P? e(; )
< 2, MOUU' M e, + 26’(].,1))132L UU'PZ ¢ (71)
MRUU'M@e e PZUUPL e,
(smce ‘e(j 1))]\JQUU PZe ey < (] V) 5 Gi) + (Gv) 5 Gv)

Applying the inequality given in expression (71) above, we further obtain

0 < Asppo
2 L 2
- Ko Z A(zt ),(4,5) ZZ}J” (”LHJJS JU’( zh)M 5)
n (,8),(4,8)=1 h=1v=1
(i,t)#(5,5)

xe| jw)M(Z’Q)UU’M(Z’Q)e( : q,)

4 <n,

< %o 2 Ahnde ZZVH @ o] (¢ zh)MQ> MUV M e(; )
(i), (j.5)= h=1v=1
(t)sé(as)
4
+K2 Z A( J,S)ZZ’JH @m | 176G.9).G0) ‘( zh)MQ ) e(j,v)PZLUU/PZLe(JEU)
n (,t),(4,8)=1 h=1v=1
(1,1)7(4,5)

= Asoo1+A2222, (say)
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Applying part (a) of Lemma S2-1 and Assumptions 2(i), 5, and 6; we get

0 < E[A27272,1|f,1z]

mn

W

- %o 2 A?@tms)
T (),(d,8)=
(i,t)# (va)
1 T]
D) D N|E T »E{( (M)’ ) MOUT M|
h=1v=1
4 U ‘
< K, Z j,s)ZZ‘Jlt Zh)HJ(JS) JU‘ZZ’ (3,h),( H (%,h),(2,r)
" (z‘,t>,(j,s>=1 h=1v=1 o
(4,1)#(3,8)
T; T
Q Q
22 MG, (m)) MGy )| B H’f@,g)g(@r’)U('ijw )| 172
g=1c=
T T112 Q ! A
< AT 5% <1<(i7tgﬁi§)<mn Mgy o) ) <1<&?§mnE [E(i,t)\an

1/2
4 1
X <1§(1;‘I,115?}§<mnE |:HU(i,t)H2 uf}) K . Z A(Z £),(7:5)

(it 3#(3 Y
= Ous. (1).

In addition, for [A272,272|.7:,LZ ], we have, by straightforward calculations using Assumption 1 and
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the triangle inequality,

0 < F [.A2222|.7:Z]

T.
4 i
e Z A6 20
" (3,t),(4,8)=1 h=1
(4,t)#(5,s)

XZUgs (JME[( M) e(ijZLUU'PZL%mIﬁﬂ

4 mp
= T (Z Al mZZUzt il 1769, ]U\ZZM )iy M )
18

2 (3,t) )=1 h=1v=1 g=1r=1
@)
1 1
x Z ng ) ng 1B [6056nUlkg Vol |

IN

('Lt) (4,8)=1 h=1v=1
(i,t)#(4:5)

A 1
Ko Z A, >(j,s){zz~7<i,t>,<i,h>|J(j,s>,(j,v)}

T;
. Zl <M(3h),<i,g>>2 (P<?;>,(z’,g))2E [t Vi)Vt fz]}
p

4 Tz’ Tj Ti 9
T Z A9 {Z > Veaam! 600! > (M 60)
(1), 3:8)=1 h=1v=1 =1
e
mMn 2
<8 () el o]
(k,q)=1

+K8 Z A( (7:5) {ZJ(H)Z’LZZM HMzh(zr)

2T (0,1), () =1 =1 1=1
| ff}} (72)

(Z D#(7.5)
Applying the CS inequality to (72) and making use of part (a) of Lemma S2-1 as well as Assumptions

XZ}J(JS (4:v)

‘ ’P ), (1) (i.9)€(ir) U(Ii,g) Ui,
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2(i), 5, and 6; we then obtain

E [«42,2,2,2!7:5]

2 1/2
< AT ||J|J? Q 4 | FZ
< AT o <1<(i,t§fl(?,)s{)<mn M(”t)’o’s) > <1<(in71t2)l§mnE [5(17t)|fn]>
47 2 Z+ 21 S 2
8 1<(I£?§m E[HU(i’t)H2|f”] 1<(I1'I¥)i§m Finn Kon Z A6
s(Bt)smn —=\hr/ =T M (3,0),(,8)=1
(i,t)#(4,5)

4T ||| max ‘MQ
* 1§(ivt)v(j’3)§mn

Y Alngs

N———
[t

2 1
X <1<max E[HU(i,t)}IQIffD (Kmax Pé i)

s (r=m Ko (i,t),(4,5)=1
(4,t)#(3,8)
18T HJH2 max Me . i max FE [54' U_—z} 12
& 1<(4,t),(4,8)<mnp (4,),(4.8) 1<(i,t) <mn (3,t) 1V n

mMn

1/2 2
4 L 1
% <1<(7,H71t2)u<{mn E |:H U(i7t) H2 |ff:| > <1<(I7'.I7lti)%}<{mn P(?vt)v(ivt)> K_ Z A%Lt),(j,s)

2m (i,t),(j,s):l
(4,0)#(3,8)

K2 K, K2 K,
= Oa.s. <_;l> + Oa.s. <_n> +Oa,s. <_§> = Oa.s. (_n) = Oq.s. (1) .
n n n n
It follows from these calculations that

0 < B[Aaal]
= Fk [A2,2,2,1|f71Z] + FE [A2,2,272|,7'—7LZ}

= 0 (400 (52)

= Oa.s. (1)
Hence, there exists a constant C' < oo such that for all n sufficiently large
E[|As2l] = E[Aga2] = Bz (E [A222|F/]) <T.

Application of the Markov’s inequality then implies that, for any € > 0,

C\_ E
Pr <|A2,2,2| > —> < EM <e
€ C
for all n sufficiently large, which shows that
Azp2=0,(1).
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Combining the results on Az 21 and Az 22, we have

IN

| Az o

2
H Az22
2

= 0, (22) 40,00, =0, (1), (74)

Next, to show part (c), note that since A is symmetric, so that A4 (j.s) = A(j.s),@i,0)5 it follows
that As 9 = A 3. Hence, using the same argument as that given for part (b) above, we can show
that

Azz =0,(1). (75)

Turning our attention to part (d), note that, applying the triangle inequality and the inequality
that | XY < (1/2) X% + (1/2) Y2, we obtain

| Az 4l
4 T 7
< KM( Z) 1A< (j,s)};!Ju,t),(z',h)!Zlu(j,s),(j,v)}
(s = v=
@ =] (4 19 (o5 5] (4500%)
T;
< T, )Z) Ao m)wzm ol (%)
)G
(D#Grs)
< MO OX =] o] X5
T;
+Kj,n Z A(zt(]s Z‘J(%t)zh‘zsz (G ( Jv)MQ>
NSy
50 ] ] X7
< |[6n — 50Hz (A2.41 + A242),
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where

2 Mn 'i
A241 = Z A%i,t),(j,s)z (i.t) Zh}Z}J%S) (j:v) ( zh)MQ)

K2,n

(i,t),(4,8)=1 h=1
(i,)#3.s)
><e'(j,U)M(Z’Q)XX/M(Z’Q)e(j 0
9 My, T;
2
= %o 2 Ao 2w zh}§:}J3s>yv (cfpyr®)’
M i4),(,8)=1 h=1
(E,0)#3.s)
xq$wAﬂZQNHWNﬂZQkOv)
2 , 0 2
Asa2 = Ky Z A( ) Z‘JH (;h) Z}J(j78)7(j,v)}<e(j,u)M 5)
(i), (G.s)=1 -1
@n#u@
el yMPDXX' M De; 1,
9 T; Tj 0 9
!
:@H(E% A(W@E]ﬁM@MEJ%mmmW%mM6>
7 (4,t),(d,s h=1 v=

(Bt
xel; yMPQUU' MZ e, 1,

Note that both A3 41 and Ajg 42 are of the same form as A3 2 2, so that the result given in expression
(73) allows us to deduce that

./42,471 =0, (1) and ./42,472 =0, (1),
from which it further follows that

[ Anl < [[Bu = 60 (Azan + As.02) = 0, (10, (1) + O (1] = 0, 1). (76)

Finally, for part (e), note that we can decompose Ay as

Az
Mn, T;
“?% 2 @nmﬂzymmm@mfﬂﬁde@@XW—ﬂ)@mM%)
" (i),5)= W=

(0,t)#(, S)

T
X XJ: J(j,s),(j,v) <el(j7v)PZL€ + e'(j,v)M(Z,Q)X |:gn — (50:|> <e,(j,v)MQ€> }
= A1+ A2+ A3+ Az,

where Az 1, Ag2, A23, and Az 4 are as defined in parts (a)-(d) above. It follows from the results
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given in expressions (69), (74), (75), and (76) that
Ay = As1+ Ao+ Az + Azs

= 0, (52) +ou 0 +0,1) 4 0, (1)
= o,(1). O

Lemma OA-16: Let Assumptions 1-6 be satisfied, and let {gn} be a sequence of estimators such
that

n p
(5n—(50H2—>0asn—>oo,

as long as /K2, / (ugin)Q — 0. Then, the following statements are true.

(@ 2

Kn

Az1=0p <F> =0p (1),
where
As
. L & . L2
2 z
e A G 2 i am| oGl (damP? 2) (i P? )
" (i,t),(5,8)=1 h=1 v=1
(4,t)#(3,8)
(b) .
te=0,(5) a0
where
4 Mn T; N 2
_ 2 Z
Aze = Ko Z A(i,t),(];s) {Z}J(i,t%(i,h)‘ (e,(i,h)P 5)
M (1,),3,8) =1 h=1
(3,t)#(3,8)
T
<> G060 iy MPD XX MEDe;
v=1

(c)

K,
./43,3 = Op <T> = 0p (1) .
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where

4 . ;
Ass =g 2L Ao {Z} i) € MPD XX MEDeg,
" (60),(.9)=1

(1,8)#(4,s)
ZL
XZ}J(JS ]v ( )P ) }
(d)
A4 =0, (1),
where
4 i
As = > A, {Z} ity €amMEDX X MEDe; 1
KQn . N
’ (th)’(jvs):]-
(2,6)#(3,5)
XZ\JJS (Gv) ]v)M(ZQ)XXM(ZQ) e )}
(e)
A3 = Op (1) )
where

~ 2
A = Kin . Z IA(W J:5) {Z‘]” ),(ih) [(thZLETLe/(i,h)M(Z’Q)X [5n—5oH

(77
(6,079

XZJ(“ G [ P7 e + el MPOX [&%HQ}

Proof of Lemma OA-16:
To show part (a), note that, by applying part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5,

131



and 6; we have

0 < F [.Aglffz]

4 2 2
- K Z A(zt ]S)Z|J1t (1h}Z}J(JS)JU‘E|:< zh)PZL> (el(j,v)PZL5> ’-7'—4

2T 60),7,8)=
(1,8)#(J, s)
4 My ) T; T; My 4L My S
= Kon Z A(z‘,t),(j,s)z U(iﬁt),(i,h)} Z }J(jﬁs)ﬁ(j,v)‘ Z P(z',h),(l,r) Z P(z’,h),(k,c)
" (4,t),(7,8)=1 h=1 v=1 (I,r)=1 (k,0)=1
(1,6)#(4.5)
— Z+ . Z+ A
X Y Ponwa 2 FovemE [Eunckotmatoul Fr ]
(p.a)=1 (g:w)=1
4 T; T}
<o > A( G 2 aaaml 22176.9.60)
i (2,8),(4,8)= h=1 v=1
(i,t)#(J, s)
2 2
X 2): (P(ﬁ lr) <P5;),(l,r)> E[E?l,r)‘ff}
l,r)=1
4 mMp Mn
“Tom 22 Ao zum mzm ool 3 (#s ).
(i t)#(] s)
2
X Z) ( (w)( pq) E [E%l,r)u:ﬂ E [€%p,q)|fﬂ
1
8
+K2n ' Z) 1A( :(J,8) Z’Jﬁt 1h)’Z|JJ5 (JU)| Z ‘P jv (lr)
( );é(J 5)
X Z ’P(zh ]'u (k c) [e?l,r)u:nz} E [e%p,q)|fnz}
(k,0)=1
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3 mn
2 4 Z Z+ 1 2
< 4715 (IS(%?%(WE [%,t)’ﬂ]) <1§&&)‘§mn P(i,t),(i,t)) Ky Z AGin),.9)
T (), (s)=1
(1,07 (>9)
) 2 N 2 1 Mn
2 Z Z 2
+4WNQDQ<Q§§M29F@QU%}> Q<&§§M}hﬂﬂ@> Kﬁn(gé:)lA“mU@
,0),\1,8)=
(1,t)7#(4,5)

2 Mn
z+ 1 2
1<(Ii1¥)i§m P(i’t)’(iﬁt)> Ky Z A(i,t),(jys)
e ™ (i), 7,8)=1
(4,t)7#(5,5)

2
+wm@< max EF@W%D

1<(it)<mp,

K3 K? K?
= Oa.s. < n3 ) + Oa.s. <n2 ) + Oa.s. < n2 )
Ky
= Oa.s. <n2 ) .

Hence, there exists a constant C' < oo such that for all n sufficiently large

N\

Bl sl = B[ agn] = By (B[ agu77]) <@
i2 31| = K2 31| = Lz K2 3105 | ] = C.
Application of the Markov’s inequality then implies that, for any € > 0,

U) < en—27E [ég’l] <e€

’I’Z2
O >
T<K%!A3,1!_E <egi g S

for all n sufficiently large, which shows that

K2
A31 =0, <n—;> . (77)

To show part (b), first let e, g denote a d x 1 elementary vector whose bt component equals

one for b € {1, ...,d} and whose other components all equal to zero. Using the fact that

MZQx = MQU — PZU,
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T
we can apply the inequality ’Z:; a;| <m"1 Zzl la;|" to obtain

0 < Asp
4 T;
e Z Ao 2 1 anam]
i (4,8),(4,8)=1 h=1

(D20
XZ\J“ gl (clamP?2) ey MADXXMEDey,

T;

A 2
= Z A( ),(4, )Z (3,t) zh}Z}J(JS) (4v) ( ZhPZl)

K2 n
7 (4,8),(4,8) h=1
(6,t)#(, 8)

2
(e MOUesa = sy P Uera)

qu_

b=1

8 T; T} 4 d 2
S > A( 0690 2 Tl 3 1 6l (amP?e)” D (e MOUena)

7 (4,8),(d,8)= h=1 v=1 b=1

(i,t#(jﬁ)

8 My, T; Ty d 2
o 2 Ao 2 enan! 2o 6ol (clumP?' e ) > (g P? Uera)

" (4,8),(4,8)=1 h=1 v=1 b=1
(4,1)#(4,3)
8 T )
= Z+
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Making use of part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5, and 6; we obtain
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Finally, applying part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5, and 6; we get
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Next, to show part (c), note that since A is symmetric, so that A4 (j.s) = A(j,s),a,t)> it follows
that Az = A3z 3. Hence, using the same argument as that given for part (b) above, we can show
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that
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Turning our attention to part (d), we apply the inequality |XY| < (1/2) X2+ (1/2) Y2 to obtain
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following an argument similar to that given for A3 > above, we have
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Applying the triangle inequality, part (a) of Lemma S2-1, as well as Assumptions 2(i), 5, and 6; we
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obtain
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Hence, there exists a constant C' < oo such that for all n sufficiently large
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Application of the Markov’s inequality then implies that, for any € > 0,
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for all n sufficiently large, which shows that
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Moreover, by applying part (a) of Lemma S2-1 as well as Assumptions 1, 2(i), 5, and 6; we have
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In the same way, we can also show that Az 42 = O, (1), from which it further follows that
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Finally, consider part (e). Making use of the triangle inequality and the inequality ’Zm L@
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where A3z 1, A3, As3, and As4 are as defined in parts (a)-(d) above. It follows from expressions
(77)-(80) that
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Lemma OA-17: Let Assumptions 1-6 be satisfied, and let {5 } be a sequence of estimators such
that

P
H2 — 0 as n — 00,
as long as \/Ks,/ ( mm) — 0. Then, the following statements are true.
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Proof of Lemma OA-17:
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To show part (a), note first that we can decompose A4 as
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Consider first A4 1 1. Applying the triangle inequality, part (f) of Lemma S2-1, and Assumptions
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2(i), 5, and 6; we obtain
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Next, consider Ay 1,1. Here, by applying the triangle inequality, parts (f) and (g) of Lemma S2-1,
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and Assumptions 1, 2(i), 5, and 6; we get
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1<(4,0)< Kon ) ) )
_(Z7t)_mn 2n i1=1s1,t1=1 2 ig=1 s9,t2=1
s1#t1 i9F£i1 saFl2

= Oa.s. 3 + Oa.s. 2 2 = Oa.s. 2 2
n n n n n n

Now, consider A4 1 3. In this case, we can apply the triangle inequality, part (a) of Lemma S2-1,
and Assumptions 2(i), 5, and 6 to get

[!«4413\ !-7:2]
T; T; T; N i
= K2 Z ZZAm ),7:5) Z\J@,t%(i,h)\Z‘P@),(z,r) Z’Mﬁm,@,g)’
nzg 1t=1 s=1 h=1 r=1 g=1
i#]
XZ“]J’ (J”‘Z) (4,0),( jq‘z‘ (J,v),(7,¢) ’6“"6(19) (JQ)sJ’C)HF]
3
—4 9 Q 1
< 2T |5 <1§(' o M(i,t),(j,s)) <1<&?§m P(%,t),(i,t))

X <1<(I'£€?§m [5 (i,t) ’]—'Z]> o Z ZZ t),(5,5)

i i,j=1t=1 s=1
Ky
= Oa.s.(
n

i#]
Turning our attention to A4 4, note that, by applying the triangle inequality, part (a) of Lemma
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S2-1, and Assumptions 2(i), 5, and 6; we obtain

(,0),(4,s)

E UA4,1,4| | F7]
n T; Tj T; T; T
< K > 2.2 Al Z Janim 22 MG 6| D2 6060
2n 2,j=1 t=1 s=1 h=1 g=1 v=1
(]
XZ’P(zh ),(4,m) Z‘ (4,v),(4,9) ‘Z‘ (4,v),(5,¢) ‘E i,9)€(J, )€(j7Q)€(j7C)“f5]
3
< o (s (M) (Kg;?zm Piin)

1<(i,t),(j,8) <mn

) <1S(r£f)i§mn { (zt)u:Z}) Koy Z ZZA(M) (4,5)

i,j=1 t=1 s=1

i
~ O <5>
n
Finally, consider
E[A3 5|7
j T; T} mn,
= £ Z ZA Z (i.t) zh)ZMzh ,gZ (7,9),(4,0) Z zh(lr)

’zjltlsl h=1

i oy
Ty 2
Z
x Z M(J v),(4,9) Z (F,v),(7,¢) E(1,r)E(i,9)€(,0)E (o) |‘7:n
g=1

In this case, note that, by applying the triangle and Jensen’s inequalites, parts (a) and (e) of Lemma
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S2-1, and Assumptions 1, 2(i), 5, and 6; we obtain

B [Aimlfz}

Ty Ty Tiy Ty,

< A2 A2 \J \ \J )|
= (31,t1),(j1,81) (i2,t2),(j2,82) (%1,t1),(%1,h1) (i2,t2),(i2,h2)

n i1,51=1t1=1s1=1 i2,j2=1t2=1s2=1 h1=1 ha=1

11751 1272
J1 J2 m
X : : ‘J(j1751)7(j17vl)‘ : : J(j2752)7(j27v2) ’P(Zl,hl ), (1, T)P(’Lg,hz (L,r) : : ‘ (31,h1),(i1,91)
v1=1 vg=1 {, r) 1 g1=1

l#ll’]lleJQ

Ty 0
Z ‘M(jwl)ﬂ(jlm)

Z ‘ (J1,01),(d1,a1)

Z‘ (J2,v2),(j2,92)

x Z ‘Mm,hz ):(12,92)

g2=1 qa1=1 c1=1
2 7 7
X E : ‘ (jia,v2),(j2,c2) |:€(l,r)|fn:| E H6(i1,91)6(j1,ql)6(]’1761)5(1‘2792)5(]'2,!12)5(]'2,02){ |‘7:n}
ca=1
n Ty T n Ty Tj
Z Z Z (i1,t1),(j1,81) Z Z Z (i2,t2),(j2,52) Z ‘J“vtl ),(i1,h1) ‘ Z ‘J(Z2vt2 ),(i2,h2) ‘
2”11,31 1t1=1s1= i2,j2=1 t2=1s2=1 hi1=1 ha=1
i17£j1 1275J2711
Tiy Ty
M@ Q
X Z “]Jl 51),(J1,01) ‘ Z "sz 52),(j2,v2) ’ Z ’ (41,h1),(i1,91) Z ‘ (i2,h2),(i2,92) M(j17v1)7(j17q1)
vi=1 v2=1 g1=1 g2=1 a1=1
x Z‘ (J2,v2),(j2,q2) Z’ (J1,v1),(d1,€1) Z‘ (425v2),(J2,c2) Z‘ (i1,h1),(i2,92)
q2=1 c1=1 r1=1
2 A A A
X § : ‘Plz,hz (i1,91) E [5(1‘1,91)‘}—”} E [6 (i2,92) "7: ] [‘E(jl7q1)€(j1701)€(j2,q2)€(j2702)| ‘fn]
ro=1
Ty, Ty n Tiy Tj T; T;
ZZ D2 Aty 2o > Z o) Ginse) D || D Teiaa), o]
ni 1 j1=1t1=1s1=1 jo=1 ta=1s2=1 hi1=1 ho=1
J1F#i J 1,1

X z : ‘J]hé’l ),(J1,v1) ‘ z : ‘J]2752) (J2,v2) z :‘ (3,h1),(4,9) H (3,h2),(4,9) ‘ z :’ (J1,v1),(41,91)

v1=1 vo=1 g=1 q1=1
x Z Z Z Z i)
Jz,vz (2,92) Jl,vl (41,¢1) ]2,112 (42,c2) (i,h1),(j2,r1)
g2=1 c1=1 c2=1 ri=1
7 A 2 A
X Z ’Pz h2),(j1,72) b H6(j177‘2)5(j1,q1)5(j1,01){ |‘7:n] L [{5(J’2,Tl)e(jzm)g(jz,cz)’ |‘7:n} L [5(i,g)|‘7:n]
ro=1
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o L/ e DA
Z Z Z (41,t1),(41,81) Z Z Z (i2,t2),(j2,52)

27” i1,51=1t1=1s1=1 i2,j2=1ta=1s2=1
11771 i27]2

6
X max ME max FE [5% t)]]:f] max E [54 |.7:f]
1<(i.t),(G.s)<mn | (& 1< (i) <my, : 1<(it)<m, L @

(48),(4,3)
s |77 7
- 1<(imt?§mnE {E(i’t)’fn} <1<(imt&)§m P(”t)’(l’t)>
T,

4T" ||J||OO ol -
T Z Z Z (#15t1),(J1,51) Z Z Z (i2,t2),(j2,52)

27 i1, j1=1t;=1s;=1 ig,jo=1ta=1 sp=1
117#5 i27#j2

6 2
2 7
) <1S(z’n}t?§mn b [E(m 7 D
N 2
4 A VA
X <1<(rintz)1§mnE [E(i,t)|fn}> <1S(Iz%2)i§m P(i,t),(i,t))

AT" HJIIOo LS & RN Q
T ) DD DD L RTINS DD D) DE. TRPNRY (" L1 R

2,n i=1j1=1t1=1s51=1 jo=1ta=1s2=1
T J2Fi

2 2
2 Z 4 Z Z+
. <1<(?,lt?§mn b [E(i’t)‘fn D <1<(I£f?§mn b [E("’t)‘fn D (K(%ﬁmn P“’“’“’”)

K, K? K? K,
= Oa.s. <_> + Oa.s. <_;Z> + Oa.s. <_§L> = Oa.s. <_> .
n n n n

It follows from these calculations and from Liapunov’s inequality that

VAN

Q
8 <1§(i,t§fl(?,}§)§mn ‘M(iv“’(jvs)

’

E [|Ag1| |FZ]

< E[|As11]|F7] + E [|As2| |[F)] + E [|Asp sl |F7] + E [|Aspal |F7]
+E [|Ag 5] |1 F7]

< B[l Al [FZ] + B[ A3, 77 | + B [ Asial [FZ] + B [|Asal 1F]
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Hence, there exists a constant C' < oo such that for all n sufficiently large

B[\ 1] = (=B 1227 <.

It follows from the Markov’s inequality that for any € > 0,

(]2 3) oo 2L

for all n sufficiently large, which shows that

Ay =0, ( ﬁ) (83)

n

Turning our attention to part (b), note that, here, we can apply the triangle and CS inequalities
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and the inequality |XY| < (1/2) X2 + (1/2) Y? to obtain

|Ag2| <

IN

IN

2 Un
T 3 i 2 Mol (6o ©x - ) ()
(1,)2(j.5)
Tj )
<Y g6l (M%)
v=1
K2 Z A( £,:9)
2 (i,0),(jo8)=
(D2
XZ\JM Zml\/ \MZDX |5, = do] |3 —50] X'MZQe(
h=1
T]- N
X\/el(%h)MQE&/MQe( )Z’J(JS (j’L)){ ( jv)M 5)
T;
H K2 Z A(Zt) (4,5) Z Zt,(z}h)’e/(z‘,h)M(Z’Q)XX,M(Z’Q)G(z‘,h)
ey B
Tj 5
<Y [t (M%)
v=1

T;
+ o _60H2K2 Z Al D 1w | elom M Pee’ M )

),(5,5)=1 h=1
( D% (j,s)
Tj 2
<> G.).60)] (e'u,v)M QE)
v=1
= Hg” — 50H2 (Ag21+ As22), (84)
where
1 &
.,447271 = K2 Z A( ,0j.5) Z ’J(i,t),(i,h)| el(i7h)M(ZyQ)XX’M(Z,Q)e(i’h)
)TV (i,t),(j,8)=1 =1
(ist );5(] s)
X Z ‘J(j S ] U ( MQ ) ’
1 mnp, T; 2
./44,2,2 = Ko Z A( ‘75)2 (%,t) zh)‘e(zh MQ&S MQ Z‘JJS (J'U)| < J'U)M 6)

" (4,8),(4,8)=1 h=1

(i D£G, s)
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Next, observe that

0 <

IN

Ag21

1 T;
Kon Z A(”(JSZZUM(MHJJS ]U]( )MQ)

(’L t),(4,5)=1 h=1v=1
(4,8)#(4,5)
% e/(i’h)M(Z’Q)UU/M(Z’Q)e(Z-yh)
2 Mn, T Tj
K, Z t),(74,9) ZZ‘JZt ),(%,h) } ‘st (Jyv) ‘ < )MQ ) e(ijh)MQUU,MQe(i’h)
" (i),,5)=1 h=1v=1
(4,6)#(4,8)
2 ’L .7 N N
+K2 Z A0 ZZ’JH wm | 19G.9), JU}< )MQ ) (@',h)PZ UU'P? e
n (4,t),(4,8)=1 h=1v=1
(Z t)#(4,8)

Agpi1+ Aapi12, (say).

y<yty

Considering first A4 21,1. Applying part (a) of Lemma S2-1 and Assumptions 2(i), 5, and 6; we get

0

<

IN

IN

[Ag2,11]F ]
2 o )
e 2 Ao
’ (i7 )7(j7s)_1
(i,572(,5)

X Z\J” @) | 1 9G,),60) | B [( )MQ ) (i,h)MQUU/MQe(i,h)U:nZ]

9 Mn T, Tj
Koy, Z A ]75)ZZ‘J” Zh)HJ(JS)JU‘ZZ’ (i,h),( H h),(6,r)
T (), 3,8)=1 h=1v=1 g—1r=1
(0,t)#(4,s)
T T
x = M(?v) (qu)) Mg,v),(j,c) b Hg(j#I)s(jaC)U(/i,g)U(i,T) |f5]
q=1c=

4 1/2
4 A
) <1<(irg?}<{mn b [6‘”) Fn } )

11, (o % [0

1/2 mp
4, ~7 1 9
% <1§&?§mnE[HU(i’t)HQU:n}> Kon , ),(Z) Ali0),6,9)
(,)#0, S)

Ogs. (1).

In addition, for [A47271,2|.7:,LZ ], we have, by straightforward calculations using Assumption 1 and
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the triangle inequality,

0

IN

E [«44,2,1,2|7:f]

2 Mn
Ton Z A(zt) (i) Z\Jm (i)
(t)sﬁ(JS)

Tj 9
L L
% Z | G.).Gay | B [(e/(j,v)MQ6> ¢lim P UU'P? 6(¢,h)|fnZ]

2 1 J
K2 Z A(zt)Js ;2\%0 ZhHJJS (Jv){z:lz;ij (Jg v),(4,r)
lv T
( t)#(JS) "
X Z zh) (k,q) Z P(i;),(l,c)E [E(J}Q)E(jﬂ’)U(,k,q)U(va)‘fg}
(Lo)=1
2
E Z A(zt) (4,8) {ZZ‘J’Lt (4,h) ‘J(JS JU‘
" (4,),(4,8)=1 h=1v=1
(4 )#(JS)

T}

x 2<M8,v>,(j,g)>2(13 Eno0) E[Halio (mﬁﬂ}
=

T,
2 : ?
+K2n Z A(zt ),(5,) {ZZJ” ”l)HJJS) () }Z<M87”)’(j’9)>
GGt e

X Z ( (4,h),(k,q) )2E [E%j,g)‘}—nz} E [U(/k,q)U(kH)]:nZ]}

(k,q)=

4
+K Z A(lt ):(4,5) {Z|J15 (JU)|ZZ’MJU ):(4,9) ‘ ’MJU (J:7)

2n(zt) (4,8)=1 g=1r=1
G)£:9)
rfﬂ} (85)

T;
<> anaml |Pémgo| [Plman| B
h=1

HE(],Q) E(Jvr) U(/J,g) U(]vr)

Applying the CS inequality to (85) and making use of part (a) of Lemma S2-1 as well as Assumptions
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2(i), 5, and 6; we then obtain

E [«44,2,1,2!7:5]

2 1/2
< 2T ||J|J? Q 4 | FZ
< 2Tl <1<(i,t§fl(?,)s{)<mn M(”t)’o’s) > <1<(in71t2)l§mnE [5(17t)|fn]>
47 2 Z+ 21 S 2
8 1<(I£?§m E[HU(i’t)H2|f”] 1<(I1'I¥)i§m Finn Kon Z A6
s(Bt)smn —=\hr/ =T M (3,0),(,8)=1
(i,t)#(4,5)

T 2 ‘MQ )
eI (e |M

Mn
2 A zL 1 2
E U P~ ) A< .
X <1<(in’1tz)ﬁ<<mn [H (z,t)H2 |~7:n]> <1<&?§mn (z,t),(z,t)) Ko, ’ t)%)_l (4:%),(4,5)
(i,6)#(4,5)
, , o 2 1/2
_ 4 Z
+4T" || 7[5, <1<(i7t1)"fl(i’s<)<mn Mg o) > (K(%J‘EWE [E(i,t)’an
4.7 V2 zZ+ 21 S 2
E|||U; P~ . A< .
(octizn, Il =) (s, o) 7 2 Mo
(i,t)#(5,5)

2 2
= Oa.s. <£;l> + Oa.s. <ﬁ> +Oa,s. <£§> = Oa.s. <ﬁ> = Oq.s. (1) .
n n n n

It follows from these calculations that

0 < Bl
= F [A4,2,1,1|f7?/] + E [./44 21 2|,7:nZ}

K,
= Oa.s. (1) + Oa.s. <7>

= Oa.s. (1)
Hence, there exists a constant C' < oo such that for all n sufficiently large
E[|As21l] = E[As21] = Bz (E [As2.]F]]) <C.

Application of the Markov’s inequality then implies that, for any € > 0,

C\_ E
Pr <|A4,2,1| > —> < EM <e
€ C
for all n sufficiently large, which shows that
As21=0,(1). (56)

In addition, applying the triangle inequality, part (a) of Lemma S2-1, as well as Assumptions
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2(i), 5, and 6; we obtain

0 < F [A47272|f‘n2]
1 mn T; T T; T;
2 Q Q
< Ko Z A(i,t),(j,s) Z |J(z}t),(i7h)} Z }J(j,s)v(j,v)} Z ’M(i,h),(i,r) Z ‘M(i,h),(i,c)
(), (j,5)=1 h=1 v=1 r=1 =1
(i,t)#(4,9)
Ty Ty
Q Q Z
X Z ‘M(j,v),(j,q)) Z )M(j,v),(j,g)‘ E [leaneaaciacial 1Fr ]
4 - - Q 4 1 Mn
o 2 4 Z 2
< TR (o 5, [E00) (s, 2 [00]) o Mt
,U0),\7,S)—=
(i,t)#(4,5)

- Oa.s. (1)

Hence, there exists a constant C' < oo such that for all n sufficiently large
E[|As22|] = E[As22] = Ez (E [As22]F7]) <C.
It follows from the Markov’s inequality that for any € > 0,
Pr (’A422| > g) < LA [ As 221 <e
1< 6 Cf
for all n sufficiently large, which shows that
Ag22=0,(1). (87)
It follows from expressions (84)-(87) that
[ Aszl < [[8n = o [Asa + Asza] = 05 (1) 0 (1) + 0, (1)] = 0, (1). (83)
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Finally, for part (c), note that we can write

Ay =

T
2 e ! 2
Ko X A?z',w,(j,s) > Jis)G) (GEJ-,U>M Qs)

2,n @, ,(] =1
i, )#(JS)

X hZi; J( ), (i) <e'(i7h)pZLs + e'(i’h)M(Z,Q)X Fn — 50]> <e'(i7h)MQ£>

_%,n )Z Ali o) Z‘]” i (S P? <) (<fin1%)

ey
7 2
X Z J,),Gv) <e/(jﬂv)MQ6>
=1
ze Tl S
_ 2,n (4, )(Z) (Zt ,(4,8 };J < / )M(Z’Q)X [511 N 50}) (ezi’h)MQ€>
(i ti#(a S)
7 2
XD (i), Gw) (el(j,v)M Q€>
v=1
A4’1 + ./44,27

where A4 and Ay o are as defined in parts (a) and (b) above. It follows from expressions (83) and

(88) that

Ay = Agq + A2 =0, (\/%) +0,(1)=0,(1). O (89)

Lemma OA-18: Let Assumptions 1-6 be satisfied, and let {(5 } be a sequence of estimators such

that

P
— 0 asn — oo,
2

as long as \/Ks,/ ( mm) — 0. Then, the following statements are true.

(a)

where

As1 =

Ky
im0 (%) o

mn

S Ay Z\J” ,h)|z| G| (omP?" )2<e’(j’v)MQ5>2.

(4,5)=1
(1,)£(j,5)

2,n( 0,
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./45,2 = Op (1) ,
where
m T;
2 ~ 2 - Z, Z,
Asz = - > Ahnoe { [T €lomMED XX MEDe
’ (7'7 )7(j78)_1 hzl
(4,t)#(4,5)
T; )
!
x> ] (M%)
v=1
(c)
A5 = Op (1) )

where

1 - 2 = zZ+ z n 2
7 (3it),(ds)=1 h=1

(i,t)#(4,5)

T 2
<> Tt (M%)
v=1

Proof of Lemma OA-18:
To show part (a), note that As ; is of the same form as As 1,1, so from expression (68), we have

that "
B [Asal#] = 0un (52)).

Hence, there exists a constant C' < oo such that for all n sufficiently large

E [Kin |v45,1|] =Ey <%E [| A5, |~7:nZ]> <C.

It follows from the Markov’s inequality that for any € > 0,

Pr ( 9) < eiw <e
€ Kn C

for all n sufficiently large, which shows that

As1 =0, <ﬁ> . (90)

n

n

X, As 1

>

For part (b), note thatAs o is of the same form as Ajg 22, so that by expression (73), we have
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that

As2 = Op(1). (91)
Finally, onsider part (c). Applying the triangle inequality and the inequality ‘Zzl a; ' <
m’ 1 Zjil la;|", we obtain
As] < — Z A2 i:\J [ P e e M(Z’Q)X[?S\ —5“2
5 >~ K2,n( — (4,t),(5,8) i,t) zh h) (i,h) n 0
(1200
XZ}J(JS)JU ( )MQ>
2 o & 1
B A El ) B )
e
2
+K2n Z A(zt js)Z}JLS) (4:v) < )MQ )
7 (i0),(5,5)=1
(i,t)#(4,5)
% S 1oyl el MEDX [3, = 60 [B0 — 60| X'MEDe
2
H2A5,2, (92)

where As 1 and As 2 are as defined in parts (a) and (b) above. In light of the upper bound given
by (92), it then follows from expressions (90) and (91) that

|As| <

sz“w =Op (%) +0p(1)Op (1) = 0p(1). O (93)

Lemma OA-19: Let Assumptions 1-6 be satisfied, and let {5 } be a sequence of estimators such
that

P
— 0 as n — 00,
2

as long as \/Ks,/ ( mm) — 0. Then, the following statements are true.

(a)
As1 = Op <%> =0p (1),
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where

m T;
1 i : ~ 2
Ao = = X M {Z [Taiml |l P? e + M ZDX (30 = 50)]
M 3,8),(4,8)=1 h=1
(4,8)#(J,s)
xi‘J' )| [, PZete MZQAX F -0 H2
1 (G:),G0) | | €0 () n =00
o
(b)
As2 =0y (1),
where
1 mn T; N = 2
Aoz = = 2. Abous {Z sy [l P e+ oy MPDX (80— ) |
2,n . ; —
(3,t),(4,8)=1 h=1
(i,8)#(J,s)
T; )
<> g (M%)
v=1
(c)
‘AG = OP (1) ’
where
9 mn T;
AG = _K2 Z A?Z,t) (j,s) {Z J(i,t),(z,h) (e(z h)P e+ 6/ h)M(Z,Q)X |:5 _ 50i|)
(i 4),3,8)=1 h=1
(i,8)#(Js)
T
X Z J(J 8),(v) (GI(J v)P e+ e'( )M(ZQ)X [5 — 50}) (e(] U)MQE> }
v=1

Proof of Lemma OA-19:
To show part (a), note that.4s; has the same form as the term which we used to get an initial
bound on Ajs. See, in particular, the first inequality in expression (81). Hence, it follows from
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expression (82) that

IN

,
Next, for part (b), note that we can apply the inequality )Zml a;
1=

Ag 1
1 - L € o~ 2
— > A 2 Menan! [y P e+ enMPDX (3, — o)
" (i,0),5,5)=1 h=1

(0%0)
Tj ZJ_ VA o~ 2

< [ Gs6w)] [e’g,v)P e+ el yMPX [5n _ 50“
v=1

. 2 N 2 N 4
Az + 6n_60H2~A3,2+ 6n_60H2-A3,3+ 5n_50H2~A3,4
op (1). (94)
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obtain

0 < Agp
2 % / 7t \? & / Q 2
= Ko, Z A, 2 ]| (amP? ) oo (M)
s)=1 h=1 v=1
(. t);f(J)S)
2 L 2
+K2n . ZS A(zt) (,8) ;‘J(zt) zh‘z“]]s (3,v) < ]v)M 5)
( )#(JS)
X e'(i h)M( )X <(5 — (50) (;S\ —50>/X,M(Z’Q)€(‘h)
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H Kap Z A(”Lt) (4:5) Z (4,t),(3,h) Z J(JS JU)’< ]v)M 6)
i — h=1 v=1
((z t)#(J)S)l
x €y MPD XX ME@e;
9 T L )
= o Z A G 2 iy eml (damP?2) D10 (M%)
’ s)=1 h=1 v=1
((Z 3:);&(])5)
T T / o2
50” Ron Z A(zt) (7.9 Z:: zt%(z:h)\;\Ju,s),(m\(%,U)M ‘)
(z t)#(J S)
x €y MPQUU M7 ey
= “2-/46,2,27
2
where
9 Mn ,i 9 T; 9
A6’2’1 - m Z A( JS)Z{J” ),(i,h) ( P ) Z’J(]S Jv){< jv)M 6) ’
7 (4,t),(4,8)=1 v=1
((ifi)f)(sfjé(j)ﬁ)
9 My, T;
As22 = K. Z A%i,t),(j,s)z|J(z',t),(i,h)}
20 G0).Gas)=1 h=1
(6,6)#(4,8)

% Z ‘J]s ]v)| < J1})]\462 ) e Z,h)M(Z’Q)UU’M(Z’Q)e(i,h)-
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Note that Ag 21 is of the same form as Az2 1 and Ag 22 is of the same form as A 22, so that from
expressions (70) and (73), we get

K,
Ag21 =0, (—> =o0p(1), As22=0,(1),

from which it follows that

Hz As22 = 0p (%) +0p (1) Op (1) =0, (1) (95)

Finally, to show part (c), note that, by applying the triangle inequality and the inequality
|XY] < (1/2) X2 + (1/2) Y2 in this case, we obtain

2 on,

T; 9
‘AG, S K2 n Z %i:t)v(jzs) Z ‘J(ivt)v(ivh)‘ |:e,(i,h)PZJ_€ + e/(i,h)M(Z Q)X <57L - 50>:|
(), (8)= h=1
(i,¢

)
T
x Zzl | 5.9).6)] ‘ <6/(j,v)PZLe + el MPIX [g" N 50}) (6/(J7U>MQ€> ‘

mn

Kl Z (Z t),(4,5) Z [ zh)PZJ_s“‘ e/(ijh)M(Z’Q)X (gn — 50>}

2T (5.4),(,8)= h=1
ey

=

2

IN

J
X Z }J(j,s),(j,v)} [el(j,v)PZLE + e/(j,u)M(ZyQ)X |:gn - 50} } ’
=1

1 . 2
+K2"< )(Z) Ao JS)ZU” )1 (ish) [/(i,h)PZ%*e/(i,h)M(Z’Q)X <5n—50>}
7 (4,t),(4,8)=1

(i:t)#(4:5)

XZMN) Gl (g )MQ>
= A6,1+A6,27 (96)

where Ag 1 and Ag 2 are as defined in parts (a) and (b) above. In light of the upper bound for |.Ag|
given in (96), it then follows from expressions (94) and (95) that

|Ag| < As1+ Ao = Op (1) + Op (1) = op (1). O (97)

The next lemma provides more primitive sufficient conditions for part (iv) of Asssumpton 5 in
the main paper. To facilitate the statement and proof of this lemma, we introduce a number of
additional notations. Let Z; .y and Z; (; ), denote, respectively, the k™ column and the ((i,t) ,kz)th
element of of Z; for (i,t) = 1,...,m, and k = 1,..., Ky ,. Similarly, let Z5_ and Z5 ;) 5 denote,
respectively, the k" column and the ((i,t) ,k:)th element of of Zy for (i,t) = 1,...,m, and k =
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L., Ko . Finally, let Zo o) = €, t)PZ% Zy, g, where PZE = MQZ, (Z\M®@2y) ™" Z,M@.
Lemma OA-20:

(a) Assume the following conditions hold:

(al) There exists a positive constant C' such that

Z'MRZ
Amin (1—1> > C > 0 a.s. for all n sufficiently large.

mn
(a2)
1 Kl,n
2 _
1§(€'I,ltf)i§mn Kl,n kz_l Zl,(i,t),k - Oa.s. (1)

Under conditions (al) and (a2),

Zf— . Kl,n
]_S(irl:lt?l;{mn P(ivt)r(i’t) B OCL.S. < n > ’

here P21 is the ((i,£), (i,£))"™ of the projecti trix PZ
where P} ;) is the ((2,t), (3,t))™ of the projection matrix .
(b) Assume the following conditions hold:

(b1) There exists a positive constant C' such that

7! M(Z1,Q) 7.
Amin (2—2 > C > 0 a.s. for all n sufficiently large.

My
(b2)
max | = %Z” = Ous. (1)
1<(i,t)<my \ Kon o 2,(4,8),k a.s. .
(b3)

K2,n
Z227(i75)7k = Oa's' (1) :

1
max
1<(it)<mn \ Ko £~

Under conditions (b1)-(b3,

K2,n
max I ét),(i,t)—Oa-&( " >

1<(4,t)<mn

where P(Jlr’t)’(m) is the (3, 1), (i,))™ of the projection matrix P+ = M(#1.Q) Z, (75 M(%1:9) 7,) ! ZhM(41Q),
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Proof of Lemma OA-20:
To show part (a), . Note that

0 <

IN

IN

IN

IN

1
13(%?;(% P,

/ Q 11 5Q -1 12 Q '
1§&?§mne“”M Z( M 7)) 2 M e

1

Z'MRZ
— max e'(ijt)MQzl <1—1

My 1<(it) <mn ™o,

-1
> Z1M ey

1 1
MPZ,ZiMPe;
Amin (2L M@Z J1m1n) tm 1<(it) 2 © () 121 M e (i)
11 K
G max 0 ey MOZ k2 M e

C my, 1<(i,t)<man,
n 1@ )smn | 1=

11 / )

= - M9Z,. )

C 11m 1<(i6) 2 ]; (e(z,t) 1,k
Kl,n

11 2
Cmn 1<(r¢ntz)i§mn é ( L(it).k ZS 1 (%,s) )

21

Kl” Kl'n T; 2
2
Gy 1<%, | 2240 M+Z( 2.7 zsw)
m m
Zai mFlZ|ai|T for r > 1)

T

(by applying the inequality
i=1
Kin Kin
2 1 1 1

Em_n 1<(thé)l§m Z Z2 (i,t),k + Z T, Z Z2 (i,8),k (by Jensen’s inequality)

T;

Hence, by multiplying and dividing the majorant side of the above expression by K7, and making
use of the assumption that

Kl ,n
max

72 _ 0. (1):
1<(6,t) <my Kl n Z (,8), Oa.s. ( ) )
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we obtain

Kln T; Kln
n 2 Kin 12, len| 1 &
max Pt < =—= max z5 . + =
1<(i)<my, GO = Cmy, 1<(i)<mn Kin, ]; Latk T o K, Pt
K,n Ti
_ 2K 1«

E— max
C my |1<(it)<mn

= Oa.s. (Kl,n> = Oa.s.

given that m,, ~ n.
To show part (b), note that

1
0 = | = Piv. .

= max €I(i
1<(it)<my,

)

1
= — max e'it)M(Zl’Q)
mp lé(lvt)gmn ’

1

k=1 v s=1

Kl,n
n

Z (ZéM(ZLQ)Z2

1

)

-1
)M(Z1,Q)Z2 (ZéM(Zl,Q)Z2> ZéM(Zl,Q)e(m)

mp

< N
= Nain (M Zy ) g 1<) 2m
11
< ——  max ¢ MO 225 M7 Qe

C my 1<(i,t) <mn,
Next, observe that

1y

€

/
(
R T P
/
(

(i;t)

< 2el(i7t)MQZ2Z§MQe(i7t) + 2¢(;) P% 2,7} pieW)

(by applying the inequality

m
D ai

i=1
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T

m
<m' ! Z la;|” for r > 1
i=1

1
7% + = max
K1, Z L(it)k - 1<(i,s)<mn \ K1n

)

-1
) ZéM(ZhQ)e(i’t)

6/(i7t)M(Z1’Q)ZQZQM(ZLQ)G(M)

MO Z2Zy M ) — 2¢); o PP ZyZ5M ey + ey o P ZoZ5 P77 ey



where P74 = MQZ, (ZiMQZl)_l Z\MQ. Tt follows that we can write

0 <

IN

IN

IA

IN

1
1<) <mn Fen.an
21 max {e'- MCZyZM®e; o + €. PZi 7,7 P4i e, }
C my 1<(i)<my L D 242 (it) T (it) 242 (i.t)
2 1 e Ko
- / Q ! Q ) / ZL / zL ‘
C my, 1<, tz)n<{mn ; e(i,t)M Z2,-7k22,~,kM (i) T ; e(i,t)P ! Z2,-,kZQ,.,kP L e(t
11 & 2 o 2
- / Q / Z+
C my, 1<(i, t?i{mn Z (ew)M ZZ”’“) T Z (e(i,t)P ! ZQ"v’“)
k=1 k=1
11 Ken 2 Kan
—— Za( -1~ 7 Z2
Cmy 1§(z‘n}t{3}§mn;< () Zs 1 7208)k ) +Z (i),

K n Ko K> ,n

T 2

2 1 2 2

SRR DOLTOTED o -5 ST IS ok T

m m

Zai gm“lzmiﬁ forr21>
i=1

=1
Kl,n Tz K2 ,n

Kin
21 2 ~ 1 >2 - .
Cm. 1<(Iz%?§mn kg_l Z3 e T ,;_1 T SE 1 (i,8)k T E 25 (i) k (by Jensen’s inequality)

T

(by applyng the inequality

Hence, by multiplying and dividing the majorant side of the above expression by K3, and making
use of the assumptions that

Kzn K2n
1 ,
§ z2 =0, (1) and E jZ2 = 1);
IS(’iH}E)lgmn Koy, k=1 O as. (1) an lﬁa?iimn K2n i), Oas. (1);
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we obtain

1
1
1§&?§m,n P(i7t)7(i,t)
Ko T; Ko p o
2 K2 n 1 . 9 1 i 1 . , B
T O sl “eort T z2 + 72
= C my 1<) <m, | Kop ; 2,(i,t),k i = K, ot 2,(,5),k Kon kz_:l 2 o
Kan . .
2 K2 n 1 . 9 1 p 1 | 2
< L2 max 72 1L . 1 n
R ; et T S 1s@s)<ma Kip ; 2,(4,8),k

K2n
+ 1 72
max .
1<tyem, \ Koy =g THE0F

K. K.
_ Oa.s. < 2,n> _ Oa.s. < 2,n>
My, n

given that m, ~n. O

Section 4: Additional Monte Carlo Results

This section reports some additional Monte Carlo results which complement those presented in
the main paper. Whereas the class of DGPs which generated the Monte Carlo results in the
main paper concerns weakly identified situations where the instruments are all relevant but have
uniformly small coefficients; the Monte Carlo design presented here considers a more heterogeneous
case where there is one weak but relevant instrument while all other instruments used in estimation
are completely irrelevant. More precisely, the Monte Carlo results reported here are based on the
following data generating process:

DGP*:

Yur = ;51901(;',? + 1f102116Sit) + i + e,

Zy (i) T 221Gy T &0 UG-
10x1 1x1

. P’
TGt 1x10
Here, we specify ¢ = 119 and ® = 119, with ¢1p being a 10 x 1 vector of ones; and we choose
the scalar parameter m so that the concentration parameter p? = 25, 35, 45, and 55. The (z’,t)th
observation of the vector of instruments used in estimation is taken to be the Ko x 1 vector Z (; 1y =

/ 600 . .
( D3it)  F22,(it) Tt P2Ka (i) )', where {ZQ’(Z‘yt)}(z.’t):l = 1.4.d.N (0, Ig,); and we consider two

choices of Ks: Ko = 10,30. On the other hand, the (i,t)th observation of the vector of included

€X0genous regressors, or covariates, is specified to be

! 600
Zl,(i,t)z(zwyt) an A Ay AanDana ZL(zpt)D(zyt),ﬁ)whefe{zl,(i,t)}(i,t):l

i.i.d.N (0,1) and Dy; 4y € {0,1} for k € {1,2,..,6} is a binary variable such that Pr (D(z‘,t),k =1) =
1/2, with {D(i,t),k} taken to be independent across both (i,¢) and k. Moreover, in our experi-
ments, we set n = 200 and T; = 3, for each ¢ € {1,2,...,200}, so that m, = 600. We also take
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600 . . .
{u(ivt)}(i,t):l = 4.1.d.N (0, 1), {ai}?g(i i.i.d.N (0,1), and {51}32‘} i.1.d.N (0,1); and 21,(i,) D(i,t),lm
Za (i 1) Uity @i and §; are all specified to be independent of each other. We allow the structural
disturbance, £(; 1), to exhibit conditional heteroskedasticity in a manner similar to the design given

in Hausman et al (2012) and in our main paper. In particular, we let

1— p?

2+ (086) (601,356 + 0.86v2ip)) 5 (98)

€(i,t) = PU(it) +

where vl,(i7t)|Z1’(i7t),z217(i’t) ~ N <O, K [1 + (L,10Z1,(i,t) + 221’(”))2D and vy (; 5y ~ N (0,1). Both of
these distributions are specified to be independent across the index (i,t), and & is a normalization
constant chosen so that the unconditional variance, Var (UL(M)), is equal to 1. For all experiments
reported below, we set p = 0.3 and we choose the parameter ¢, so that the R-squared for the
regression of €2 on the instruments and the included exogenous variables take the values 0, 0.1, and
0.2.

The results of our Monte Carlo study based on the above data generating process are reported
in Tables A1- A6 below.

| Table Al: Median Bias, Ky = 10 |

u? RgZ 122 2SLS | JIVEL | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.1085 | 0.0429 | 0.0427 | 0.3845 | -0.0116 | -0.0002 | 0.0127
25| 0.1 | 0.1123 | 0.0466 | 0.0461 | 0.3679 | -0.0055 | 0.0048 | 0.0168
0.2 | 0.1100 | 0.0469 | 0.0467 | 0.3737 | -0.0036 | 0.0042 | 0.0161

0 0.0875 | 0.0313 | 0.0312 | 0.2474 | -0.0122 | 0.0007 | 0.0090
35 0.1 |0.0876 | 0.0303 | 0.0304 | 0.2611 | -0.0135 | 0.0004 | 0.0094
0.2 | 0.0875 | 0.0333 | 0.0331 | 0.2565 | -0.0081 | 0.0021 | 0.0107

0 0.0748 | 0.0286 | 0.0289 | 0.2007 | -0.0065 | 0.0023 | 0.0091
451 0.1 |0.0709 | 0.0247 | 0.0247 | 0.1851 | -0.0121 | -0.0022 | 0.0047
0.2 | 0.0731 | 0.0258 | 0.0257 | 0.1916 | -0.0099 | 0.0037 | 0.0108

0 0.0624 | 0.0213 | 0.0214 | 0.1430 | -0.0079 | 0.0003 | 0.0056
55 | 0.1 | 0.0591 | 0.0188 | 0.0191 | 0.1453 | -0.0103 | -0.0006 | 0.0049
0.2 | 0.0603 | 0.0180 | 0.0180 | 0.1408 | -0.0105 | -0.0034 | 0.0022

Results based on 10,000 simulations
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Table A2: Nine Decile Range 0.05 to 0.95, Ko = 10

,u2 Rzz‘z]g 2SLS | IJIVE1 | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.6583 | 1.0481 | 1.0475 | 6.4416 | 1.6217 | 1.2922 1.1595
25 0.1 0.6561 | 1.0440 | 1.0445 | 6.0634 | 1.6434 | 1.3226 1.1749
0.2 0.6438 | 1.0219 | 1.0188 | 6.0248 | 1.6240 | 1.2587 1.1100
0 0.5803 | 0.8138 | 0.8140 | 5.6388 | 1.0813 [ 0.9453 | 0.8868
35 0.1 0.5827 | 0.8073 | 0.8076 | 6.0580 | 1.0644 | 0.9292 0.8757
0.2 0.5858 | 0.8182 | 0.8175 | 5.8156 | 1.1009 | 0.9418 | 0.8884
0 0.5372 | 0.6936 | 0.6940 | 5.3935 | 0.8511 | 0.7762 0.7432
45 0.1 0.5303 | 0.6845 | 0.6839 | 5.1687 | 0.8344 | 0.7528 | 0.7248
0.2 0.5216 | 0.6806 | 0.6810 | 5.2909 | 0.8326 | 0.7476 | 0.7161
0 0.5030 | 0.6168 | 0.6169 | 4.5398 | 0.7172 | 0.6683 | 0.6505
55 0.1 0.4896 | 0.6073 | 0.6079 | 4.8072 | 0.7050 | 0.6535 0.6376
0.2 0.4812 | 0.5919 | 0.5931 | 4.8070 | 0.6957 | 0.6439 | 0.6269
Results based on 10,000 simulations
| Table A3: 0.05 Rejection Frequencies, Ko = 10
u? R§2\zf 2SLS IJIVE1 | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.1701 | 0.0926 | 0.0863 | 0.5229 | 0.0265 | 0.0506 | 0.0511
25 0.1 0.1822 | 0.0981 | 0.0925 | 0.5198 | 0.0296 | 0.0553 | 0.0570
0.2 0.1855 | 0.0933 | 0.0879 | 0.5279 | 0.0270 | 0.0515 0.0529
0 0.1606 | 0.1003 | 0.0936 | 0.5307 | 0.0311 | 0.0455 0.0476
35 0.1 0.1663 | 0.1013 | 0.0958 | 0.5387 | 0.0330 | 0.0501 0.0530
0.2 0.1705 | 0.1073 | 0.1006 | 0.5390 | 0.0355 | 0.0515 0.0537
0 0.1573 | 0.1099 | 0.1026 | 0.5608 | 0.0369 [ 0.0506 | 0.0538
45 0.1 0.1611 | 0.1108 | 0.1040 | 0.5573 | 0.0391 | 0.0499 | 0.0533
0.2 0.1645 | 0.1082 | 0.1018 | 0.5611 | 0.0356 | 0.0484 | 0.0513
0 0.1488 | 0.1106 | 0.1040 | 0.5800 | 0.0395 [ 0.0496 | 0.0522
55 0.1 0.1595 | 0.1221 | 0.1146 | 0.5830 | 0.0404 | 0.0507 | 0.0539
0.2 0.1533 | 0.1118 | 0.1047 | 0.5786 | 0.0386 [ 0.0506 | 0.0529

Results based on 10,000 simulations
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Table A4: Median Bias, Ko = 30

,u2 Rzz‘z]g 2SLS IJIVE1l | JIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.1923 | 0.1141 | 0.1141 | 0.5684 | 0.0282 | 0.0150 0.0248

25 0.1 0.1903 | 0.1126 | 0.1121 | 0.5663 | 0.0225 | 0.0075 0.0188
0.2 0.1911 | 0.1102 | 0.1101 | 0.5747 | 0.0171 | 0.0060 0.0175

0 0.1688 | 0.0901 | 0.0905 | 0.4131 | 0.0012 | 0.0019 0.0087

35 0.1 0.1703 | 0.0930 | 0.0924 | 0.3973 | 0.0004 | 0.0004 0.0093
0.2 0.1718 | 0.0964 | 0.0968 | 0.4085 | 0.0031 | 0.0070 0.0150

0 0.1498 | 0.0775 | 0.0780 | 0.2916 | -0.0084 | -0.0006 | 0.0060

45 0.1 0.1511 | 0.0785 | 0.0781 | 0.2920 | -0.0070 | -0.0004 | 0.0069
0.2 0.1512 | 0.0764 | 0.0768 | 0.3007 | -0.0071 | 0.0003 0.0065

0 0.1368 | 0.0668 | 0.0669 | 0.2253 | -0.0054 | -0.0017 | 0.0039

55 0.1 0.1319 | 0.0604 | 0.0606 | 0.2157 | -0.0162 | -0.0063 | -0.0006
0.2 0.1382 | 0.0692 | 0.0692 | 0.2302 | -0.0046 | 0.0033 0.0086

Results based on 10,000 simulations

Table A5: Nine Decile Range 0.05 to 0.95, Ko = 30

u? Rgz 122 2SLS | IJIVEL | JIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.4818 | 0.9798 | 0.9786 | 6.2121 | 2.9598 | 2.2421 | 1.8123

25 0.1 0.4809 | 0.9776 | 0.9795 | 5.8280 | 3.0383 | 2.1486 | 1.7496
0.2 |0.4694 | 0.9585 | 0.9611 | 6.2576 | 3.1007 | 2.1524 | 1.7858

0 0.4481 | 0.8032 | 0.8051 | 5.9240 | 1.7994 | 1.4269 | 1.2970

35 0.1 0.4386 | 0.7834 | 0.7823 | 6.2369 | 1.7482 | 1.4107 | 1.2814
0.2 | 04359 | 0.7880 | 0.7891 | 6.1653 | 1.7639 | 1.3784 | 1.2474

0 0.4196 | 0.6860 | 0.6854 | 5.6961 | 1.2340 | 1.0510 | 0.9908

45 0.1 0.4165 | 0.6847 | 0.6853 | 5.7884 | 1.2340 | 1.0395 | 0.9831
0.2 | 04138 | 0.6819 | 0.6832 | 5.9617 | 1.2156 | 1.0342 | 0.9763

0 0.4013 | 0.6176 | 0.6174 | 5.6182 | 0.9816 | 0.8813 | 0.8497

95 0.1 0.3979 | 0.6105 | 0.6129 | 5.6836 | 0.9781 | 0.8523 | 0.8220
0.2 | 0.3913 | 0.6063 | 0.6069 | 5.3067 | 0.9628 | 0.8368 | 0.8057

Results based on 10,000 simulations

174




‘ Table A6: 0.05 Rejection Frequencies, Ko = 30 ‘
u? | R? 2SLS | JIVEL | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL

e2|23
0 0.4182 | 0.1490 | 0.1272 | 0.5484 | 0.0237 | 0.0572 | 0.0590
25 0.1 0.4217 | 0.1461 | 0.1275 | 0.5466 | 0.0240 | 0.0553 | 0.0574
0.2 | 0.4325 | 0.1495 | 0.1301 | 0.5517 | 0.0240 | 0.0556 | 0.0577
0 0.3844 | 0.1519 | 0.1326 | 0.5462 | 0.0306 | 0.0536 [ 0.0565
35 0.1 0.3943 | 0.1521 | 0.1299 | 0.5413 | 0.0324 | 0.0579 [ 0.0600
0.2 | 0.4091 | 0.1587 | 0.1368 | 0.5500 | 0.0306 | 0.0562 | 0.0585
0 0.3559 | 0.1502 | 0.1295 | 0.5491 | 0.0314 | 0.0524 | 0.0541
45 0.1 0.3650 | 0.1539 | 0.1329 | 0.5434 | 0.0344 | 0.0546 | 0.0565
0.2 |0.3792 | 0.1613 | 0.1401 | 0.5504 | 0.0380 | 0.0576 | 0.0602
0 0.3437 | 0.1511 | 0.1306 | 0.5633 | 0.0370 | 0.0530 [ 0.0550
55 0.1 0.3331 | 0.1508 | 0.1309 | 0.5581 | 0.0396 | 0.0552 | 0.0571
0.2 | 0.3624 | 0.1601 | 0.1388 | 0.5679 | 0.0421 | 0.0588 | 0.0605

Results based on 10,000 simulations

Qualitatively, the results presented in Tables A1-A6 mirror the results given in Tables 1-6 of the
main paper. In particular, note that, in terms of median bias, the performance of FEJIV, FELIM,
and FEFUL are uniformly better, across all our experiments, when compared to 2SLS, IJIVEL,
IJIVE2, and UJIVE; but our experiments do show 2SLS, IJIVE1, and IJIVE2 to be less dispersed
than the three estimators proposed in this paper. Again, perhaps the most notable difference in
performance is that t-statistics based on FELIM and FEFUL have much less size distortion than
t-statistics constructed from any of the other five estimators. Overall, the results here seem to
indicate that allowing for some instruments to be completely irrelevant does not seem to yield
results that are substantially different from the case where all instruments are taken to be relevant
but weak, as long as the magnitude of the concentration parameter is kept the same in both cases.
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